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Preface 


Nonlinear integral equations represent the major source of nonlinear op- 
erators and, by this, equally, the motor and the testing ground of a vast 
domain of nonlinear analysis, namely the theory of nonlinear operators. 
This book is intended to present some of the most useful tools of nonlin- 
ear analysis in studying systems of integral equations (integral equations in 
R”). 

The book is divided into three parts: fixed point methods, variational 
methods, and iterative methods. Each part contains a number of chap- 
ters of theory and applications. The methods we deal with are: Schauder’s 
fixed point theorem; the Leray—Schauder principle; direct variational meth- 
ods; the mountain pass theorem; the discrete continuation principle; mono- 
tone iterative techniques; methods of upper and lower solutions; Newton’s 
method; and the generalized quasilinearization method. 

We note that the selected topics reflect the particular interests of the 
author and that many contributions to the subject, as well as some other 
important treatment methods of the nonlinear integral equations have not 
been included for the sake of brevity. 

The lists of references, one for each part, include only referenced titles; 
they are just intended to guide the reader through the enormous existing 
literature and not to provide a complete bibliography on the subject. 

The presentation is essentially self-contained and leads the reader from 
basic concepts and results to current ideas and methods of nonlinear anal- 
ysis. 

We hope the book will be of interest to graduate students, and theoret- 
ical and applied mathematicians in nonlinear functional analysis, integral 
equations, ordinary and partial differential equations and related fields. 


Radu Precup 


Notation 


set of all nonnegative real numbers 
set of all n-tuples x = (21, £2, ..., En) 
set of all x € R” with z; > 0 for alli 


n 1/2 

Euclidian norm of z € R”, |z| = (È 2?) | 
=1 

=)>, 

i=1 


i 
Euclidian inner product in R”, (x,y) TiYi, 


also denoted by x- y 

natural order relation in R” : x; < y; for all i 

strict order relation in R” : x; < y; for all i 
for x € R” anda€R: z; <a foralli 

Lebesgue measure in R” 

metric spaces, real Banach or Hilbert spaces 

dual space of X 

norm in X, also denoted by |.|y 

inner product in a Hilbert space; also for u € X 

and u* € X*, (u*,u) is the value of u* at u, u* (u) 
open ball {v € X : |u — v| < r} ( B, (u) for short) 
closed ball {v € X; |u — v| < r} (B, (u) for short) 
closure of U, interior of U 

boundary of U : U = U\ int U 

convex hull of A 

closed convex hull of A 

set of k-times continuously differentiable functions 
u: Q — R” (QC RN open) 

space of all functions u € OÒ (Q; R”) , u = (u1, ..., Un) 
such that D“u; admits a continuous extension to 2 for 


N 
all i and a = (a4,...,@y) with |a| = 5) a; < k. Here 
j=1 


D® = dll /dx2%... OLÄN 


X1V 


a, 
a, 


Q; 


b; R”) 


b) 
X) 


max |u (x)| (Q c R” bounded open, u € C (Q;R")) 
rE 


stands for C* (Q; R) 

stands for C* (fa, b]) 

space of all measurable functions u : Q — R” with 
fo lu (x)|? dr < co (Q C R open, 1 < p < œ) 
norm in L? (Q; R”), ul, = (Jo lu (2)? dz) VP 

inner product in L2 (Q; R”), 

e fa (ule),v (2)) de 

space of all measurable functions u : Q — R” for which 
there is a constant c with |u (x)| < c for ae. rE 
norm in L” (Q; R”), 

jul, = inf {c : |u (x)| < c a.e. on Q} 

stands for LP (Q; R) (1 <p< œ) | 

stands for LP (Q; R”) with Q = (a,b) 

stands for L? (a,b; R) 

space of all stongly measurable functions u : Q — X 


with |uly, € L? (Q) 


Basic inequality: 


h“ 


where Q c R% is open, |.| is the Euclidian norm in R”, and 


x)dxz| < 


< | lul \|dz, ue L! (G R”), 


[u@a- (f (x) de, ..., [iu (2) dr), 


Here u = (u1, wa, «.-) Un). 
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Overview 


As the title suggests, this book presents several methods of nonlinear anal- 
ysis for the treatment of nonlinear integral equations. To this end the book 
is developed on two levels which interfere. The first level is devoted to 
the abstract results of nonlinear analysis: compactness criteria, fixed point 
theorems, critical point results, and general principles of iterative approx- 
imation. The second level is devoted to the applications for systems of 
nonlinear integral equations (nonlinear integral equations in R”). Here we 
present existence, uniqueness, localization, and approximation results for 
Fredholm, Volterra, and Hammerstein integral equations, and an integral 
equation with delay. 

Although most of the methods are classical, in several cases new points 
of view, extensions and new applications are presented. Thus the selected 
topics include: a unified existence theory for continuous and integrable so- 
lutions of integral equations; Schechter’s bounded mountain pass theorem; 
a nontrivial solvability theory for Hammerstein integral equations; a local- 
ization result for a superlinear elliptic problem; the discrete continuation 
principle for generalized contractions; new fixed point results for increas- 
ing and decreasing operators in ordered Banach spaces; monotone iterative 
techniques; and the quasilinearization method for a delay integral equation 
from biomathematics. Of course, the selective topics reflect the particular 
interests of the author. 

Let us now briefly describe the contents of this book without insisting 
on the exact meaning of the notation and notions which are used. 

Chapter 1 presents basic concepts and results of compactness in general 
metric spaces, and in particular, in the spaces C(K;R”) and DP (Q; R”), 
where K is a compact metric space, 2 c RÙ is bounded open and 
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1 < p < co. We state and prove Hausdorff’s theorem of characterization 
of the relatively compact subsets of a complete metric space, in terms of 
finite or relatively compact €-nets. Then we prove the Ascoli-Arzéla com- 
pactness criterion in C'(K;R”), and the Fréchet—-Kolmogorov theorem of 
characterization of relatively compact subsets of LP (Q; R”) (1 < p< oo). 
We conclude this chapter by the following unified compactness criterion for 


both C (Q; R”) and LP (Q; R”). 


Theorem 0.1 Let 2 C R be bounded open and p € [l,o]. Let Y c 
Le (Q; R”) for 1<p< œ, ad Y CC (Q; R”) for p = œ. Assume that 
there exists a function v € LP (Q) such that 


ju (x)| < v (2) 


for almost every x E€ Q and all u € Y. Then Y is relatively compact in 
LP (Q; R”) if and only if 


sup |Tp (u) — ultera 79 as h— 0. 
ueY 


Here N, =QN(Q—A) and T, (u) (x) =u(e+h) for all x E Qh. 


Chapter 2 is devoted to the concept of a completely continuous operator. 
We prove the theorem of representation of the completely continuous oper- 
ators as uniform limits of sequences of continuous operators of finite rank. 
Also we present the proof of one of the fundamental results of nonlinear 
analysis, namely Schauder’s fixed point theorem: 


Theorem 0.2 Let X be a Banach space, D C X a nonempty conver 
bounded closed set and let T: D — D be a completely continuous operator. 
Then T has at least one fired point. 


In Chapter 3 we present three examples of completely continuous oper- 
ators arising from the theory of integral equations: the Fredholm integral 
operator T: C (Q; R”) >C (9; R”) given by 

P(u)(2)= | h(ayu@)dy (eE, 


where N9 c R” is bounded open and h: 7 x R” > R” is continuous; the 
Volterra integral operator T : C ([a,b]; R”) — C ([a, b]; R”), 


T (u) =| h(t,s,u(s))ds (t€ [a,b)), 
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with h : [a,b]? x R” > R” continuous, and the delay integral operator 
T: D(T) c C ([0, t1]; R”) — C ([0, t1]; R”) defined by 


T (u) (t) = S f(s,ŭ(s))ds (t € f0, tı]). 
Here 7 > 0 and y € C’([-7,0];R”) are given, D (T) = {u € C ([0, t1]; R”): 
u (0) = ọ (0)}, u(t) = y (t) for t € [-7,0], u(t) = u(t) for t € [0, tı], and 
f €C([-7,t1] x R”; R”) satisfies 


0 
y(0)= | f(s, y(s)) ds. 


—T 


The complete continuity of these operators is proved via Ascoli—Arzéla the- 
orem (equivalently, via Theorem 0.1) and is used in order to deduce from 
Theorem 0.2, the existence of continuous solutions to the corresponding in- 
tegral equation u = T (u). 

Chapter 4 is devoted to the Leray—Schauder principle and its applications 
to integral equations. In Section 4.1 we present an elementary proof (based 
upon Urysohn’s lemma and Schauder’s fixed point theorem) of the following 
version of the Leray—Schauder principle: 


Theorem 0.3 Let X be a Banach space, K C X a closed conver subset, 
U cK a bounded set, open in K and up E U a fixed element. Assume that 
the operator T : U — K is completely continuous and satisfies the boundary 
condition 


u#(1—A)uo+AT (u) for all u € OU, à € (0,1). 
Then T has at least one fixed point in U. 


Using Theorem 0.3 in Section 4.2 we establish an existence principle for 
the Fredholm integral equation which, in particular, yields existence results 
for Hammerstein integral equations and two-point boundary value problems 
for second order differential equations. Similar results for Volterra integral 
equations and, in particular, for Volterra-Hammerstein equations and the 
Cauchy problem for a first order differential system are established in Section 
4.3. In Sections 4.4 and 4.5 we focus on the delay integral equation 


u(t) = f (s,u(s)) ds (0.1) 


t—T 
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which comes from biomathematics. We discuss the existence of solutions to 
the initial value problem and of periodic solutions. 

In Chapter 5 we first examine the Nemytskii superposition operator, the 
Fredholm linear integral operator and the Hammerstein integral operator as 
mappings acting in LP spaces. Then using again the Leray—Schauder prin- 
ciple we present an existence theory for the Hammerstein integral equation 
in R” 
u(x) = [rem wu) dy ae. on Q, (0.2) 


in a such way that the two cases of continuous solutions and of LP solutions 
(1<p<oo) are treated together by considering 1 < p < oo. The main 
result is the following existence principle: 


Theorem 0.4 Let Q c RY be a bounded open set, k : Q? — R and 
f:QxR" — R”. Assume that there exists p € [1,00] and q E [1,00) such 
that the following conditions are satisfied: 


if 1<p<oo then k E LP (0; L (Q)); 
if p= then KE C(O; L (Q)) 


(here 1/q+ 1/r =1) and 
if 1<p<oo then If (x, z)| < g(x) + c |z|?” for a.e. z ER., 
all z€ R” and some g E L? (Q; R4), ce R4; 
if p= oo then for every R >Q there isa gr E LI (Q) with 
|f (z,z)|< r(x) fora.e.x €Q and all zE R” with |z|< R. 


In addition assume the existence of a bounded open set U C D (Q; R”) 
containing the null function such that 


i BED A and 
= for ( x,y) f (y,u(y))dy a.e. on Q, (0.3) 
in u EU. 


Then (0.2) has at least one solution u in LP (Q; R”) with u € U. Moreover, 
for p= œ, u€ C (Q; R”). 


In Section 5.5 we give sufficient conditions so that (0.3) holds in the case 
of the Volterra-Hammerstein equation in R” 


u (t) = | k(t, s) f (s,u(s))ds a.e. on (a,b). 
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In particular, we discuss the existence of global solutions for the Cauchy 
problem 


tog) aeon adh 
u (a) = 0, 


where f: [a,b] x R” — R”. 

In the first two sections of Chapter 6 we review basic properties of self- 
adjoint linear operators in Hilbert spaces. These are used in Section 6.3 
where we present the Krasnoselskii’s result concerning the splitting of a 
bounded linear operator A : L4 (Q; R”) — L (Q; R”) (1/p+1/q=1) in 
the form 


A= HH", 


where H : L? (Q; R”) — L (Q;R”) and H* is the adjoint of H. Clearly 
solving (0.2) in L? (Q; R”) is equivalent to solving the operator equation 


u = ANş (u), we P (Q; R”), (0.4) 
where 
Ny : L (Q; R”) > LI (Q; R”), Ny (u) (x) = f (x,u (x)) 
and 


A:T (ŒR") > IP (GR), A(u)(e) = | Kyu) dy 


We finish Section 6.3 by showing that if A splits as above, then we may 
replace the operator equation (0.4) by the equation 


v = H*N;H (v), veL (Q; R”) | (0.5) 
in the Hilbert space L? (Q; R”). More exactly we have: 
Proposition 0.1 If u € L?(Q;R") solves (0.4), then v = H*Nș (u) is 
a solution of (0.5). Conversely, if v € L? (Q; R”) solves (0.5), then u = 


H (v) is a solution of (0.4). Moreover, there is a one-to-one correspondence 
between the solutions of (0.4) and the solutions of (0.5). 


In Chapter 7 we build the Golomb functional E : L? (Q; R”) — R, 


E(x) =5)}- | P(e,H()(@)) dz 
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where F is the potential of f. The Fréchet derivative E’ of E is the 
operator 

I — H*N;H : L? (Q; R”) > L (G R”), 
and so the equation (0.5) can be written in the variational form 


E'(v) =0, vé€L?(9;R”), 


and its solutions appear as critical points of EF. In Section 7.2 we prove 
the infinite-dimensional version of the classical Fermat’s theorem about the 
connection between extremum points and critical points, and we give suf- 
ficient conditions for that a functional admits minimizers. In Section 7.3 
the abstract results are applied to establish the existence of L? solutions to 
(0.4). 

Chapter 8 is devoted to the mountain pass principle. We first present the 
Ambrosetti-Rabinowitz mountain pass theorem and its proof based on Eke- 
land’s variational principle. Then we state and prove Schechter’s bounded 
mountain pass theorem which guarantees the existence of a critical point in 
a given ball of the space: 


Theorem 0.5 Let X be a Hilbert space, R € (0,co], Br = {u € X : |u| < 
R} and E € C! (Br). Assume that for some v > 0, (E' (u), u) > —vo for 
all u € Bp, and that there are ug, ui € Bpr and r with |uo| <r < [u| 
such that 


max {E (uo), E (u1)} < inf {E (u) : u € Br, uj =r}. 
Let Tr = {7 € C ([0,1]; Br): y (0) = uo, y (1) = ui} and 


= inf E t)). 
cr= inf max (y (¢)) 


Then either there is a sequence of elements uz € Br with 
E (uk) —> CR, E' (uk) — 0, 
or there is a sequence of elements ug € OBR such that 


_ (E (ux ) Uk) 


E (uk) > cr, F (ux) uk — 0, (E" (ux) Uk) < 0. 


R2 
If in addition E satisfies the (PS)p condition and 
E’ (u) +pu#0, we OBR, >O, (0.6) 


then there exists an element u € Br \ {uo, ui} with 


E(u)=cr, E(u) =0. 
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We point out that for R < oo, (0.6) is the Leray—Schauder boundary 
condition for the operator I — F”, i.e., it is equivalent to 


ux (I —E')(u), we OBp, A€ (0,1). 


In Chapter 9 we apply Schechter’s theorem to establish the nontrivial 
solvability of the abstract operator equation of Hammerstein type 


u= AN (u), wey, (0.7) 


where Y is a Banach space, N : Y — Y*, and A: Y* — Y is a linear 
operator. In Section 9.1 we establish the following existence and localization 
principle: 


Theorem 0.6 Assume that A splits into A= HH*, where H : X — Y is 
a bounded linear operator, X is a Hilbert space, H* : Y* — X is the 
adjoint of H, and N = J’ for some functional J € Ct (Y; R) satisfying 
J(0)=0. In addition assume that N (0) = 0 and the functional (N (.),.) 
sends bounded sets into upper bounded sets and that there are vı € X \ {0}, 
r € (0, lvı]) and R > |wı| such that the following conditions are satisfied: 


1 
max 1055 balk —JH 0} < in {5 uly — JH (v) : luly = a 


v +Æ \H*NH (v) for july = R, A€ (0,1), 
E satisfies the (PS)p condition. 
Then there exists a v € X \ {0} with |v], < R such that u = H (v) isa 


non-zero solution of (0.7). 


We note that in our setting the equation (0.7) in Y can be converted 
into the equation v = H*NH (v) in X, which is equivalent to the critical 
point problem E’ (v) = 0 for the energy functional 


1 
E:X oR, E (v) = 5 lel% — JH (v). 


In Section 9.2 Theorem 0.6 is specialized for Hammerstein integral equa- 
tions. Finally, in Section 9.3 we establish a localization result in a shell of 
L? (Q) for the superlinear Dirichlet problem 


l —Au = |u? u in Q, 


(0.8) 
u= 0 on O22. 


More exactly, we prove: 
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Theorem 0.7 Let Qc RY be a bounded open set with C?-boundary and 
let p € (2,2N/(N—2)) if N > 3, and p E (2,00) if N=1 or N =2. 
Then the problem (0.8) has a solution u with 


JHI [(p— 1) Ap-1]/?~? < |H (u)|, < (APP). 


Here H is the square root of the operator (—A)~* considered on L? (N), 
|H| = sup{|H (v)|, : v € L? (9), lula =1} and 


P=? Vul? d — 
Jolu Vul de u € C! (Q) \ {0}, u=0 on ðN 
Q 


Chapter 10 presents the discrete continuation principle for contractions 
on spaces endowed with vector-valued metrics and one application to Ham- 
merstein integral equations in R” with matrix kernels. 

Chapter 11 is devoted to the monotone iterative methods. The basic 
notion in this chapter is that of an ordered Banach space. We try to localize 
solutions of an operator equation in an ordered Banach space X, say u = 
T (u), in an order interval [wo, vo]. In addition we look for solutions which 
are limits of increasing or decreasing sequences of elements of X. The basic 
property of the operator T is the monotonicity. This, combined with certain 
properties of the ordered Banach space X, guarantees the convergence of 
monotone sequences. Thus this chapter explores the contribution of the 
monotonicity to compactness. In Section 11.1 we review some notions and 
properties of the theory of ordered Banach spaces, paying special attention 
to the conditions which guarantee the convergence of bounded monotone 
sequences. Section 11.2 presents some fixed point theorems for monotone 
operators in general ordered Banach spaces. The method is then used in 
Sections 11.3, 11.4 to discuss the existence, uniqueness, localization, and 
monotone iterative approximation of solutions for the Fredholm integral 
equation and the delay integral equation already considered in Chapters 3 
and 4. In Section 11.5 monotone iterative methods are used to localize and 
approximate solutions of the abstract Hammerstein equation in R” 


Ap—1 = inf 


u(x) = AN; (u) (x) ae. on Q. (0.9) 


Here Ny is Nemytskii’s superposition operator associated to a given func- 
tion f: QxR” > R” (QC R^ bounded open), and A is a bounded linear 
operator from L4 (Q; R”) to LP (Q; R). We seek solutions u in an order in- 
terval [uo, vo] of L? (Q; R”), where uo is a lower solution of (0.9) and vo is 
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an upper solution of (0.9). Of course, we assume that Ny maps [uo, vo] into 
[7(Q;R”). The main assumption is the monotonicity of f in its second 
argument. The advantage of working in the space LP (Q; R”) (1 < p< ow) 
ordered by the regular cone of all positive functions is that we do not need 
the complete continuity of the operator T = ANy. Additional properties of 
the operator A in connexion with its spectrum, allow us to build upper and 
lower solutions for (0.9) and, consequently, to obtain extremal solutions of 
(0.9). 

Finally, Chapter 12 discusses the problem of the convergence order of the 
iterative methods. After explaining that the convergence of the methods de- 
scribed in Chapters 10 and 11 is at most linear, this chapter briefly presents 
Newton’s method and its version for differential equations, the quasilin- 
earization method. The last one is addapted for the quadratic bilateral 
monotone approximation of the solution to the initial value problem for the 
delay integral equation (0.1). 


Part I 


FIXED POINT METHODS 


Chapter 1 


Compactness 
in Metric Spaces 


In this chapter we first define the notions of a compact metric space and 
of a relatively compact subset of a metric space. Then we state and prove 
Hausdorff’s theorem of the characterization of the relatively compact subsets 
of a complete metric space in terms of finite and relatively compact <€- 
nets. Furthermore, we prove the Ascoli-Arzéla and Fréchet-Kolmogorov 
theorems of characterization of the relatively compact subsets of C (K; R”) 
and L? (Q; R”), respectively. Here K is a compact metric space, Q c RA 
is a bounded open set and 1 < p< oo. 


1.1 Hausdorff’s Theorem 


Proposition 1.1 Let (X,d) be a metric space. The following statements 
are equivalent: 

(a) Every sequence of elements of X has a convergent subsequence in 
X. 

(b) The space X is complete and for each € > 0 it admits a finite 
covering by open balls of radius €. 


Proof. (a) = (b) : The completeness of X follows from (a) since every 
Cauchy sequence which has a convergent subsequence is convergent. Assume 
that for some £ > 0 the space X does not admit a finite covering by balls 
of radius £. Then, for any fixed element ui € X there exists u € X with 
d(u1,u2) > £. Furthermore, there exists ug € X such that d(ui,u3) > € 
and d (u2,u3) > £, and so on. Thus we find a sequence (ug) of elements of 
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X such that 
d (uk, Uj) > € 


for k Æ j. This shows that (u) has no convergent subsequences, which 
contradicts (a). 

(b) = (a) : Let (uk) be an arbitrary sequence of elements of X and 
let (€,) be any decreasing sequence of positive numbers converging to zero. 
According to (b) there exists vı € X such that the open ball Be, (vi) (of 
center vı and radius ¢€,) contains infinitely many terms of the sequence 
(uk). Similarly there exists vo € X such that Be, (v2) contains infinitely 
many terms from those contained by B,, (vı), and so on. Thus we find 
a subsequence (up;) of (ux) such that up, € Be, (v1), Uka € Bey (v1) N 
Bz, (v2) and generally 


j 
uk; € A Be, (vi) 
1=1 


for j =1,2,.... Since uk, Uk; © Be, (vi) for i < j, we have 
d (Uki, Uk, ) < d (uz, Vi) +d (Vi, Uk; ) < 2€;. 


It follows that (ux, ) is a Cauchy sequence. Since X is complete this sub- 
sequence is convergent. W 


Definition 1.1 A metric space X is said to be compact if it satisfies con- 
dition (a) (equivalently (b)) in Proposition 1.1. 

A subset Y of a metric space X is said to be relatively compact if its 
closure Y is compact (as a metric subspace of X). 


Definition 1.2 Let (X,d) be a metric space, Y a subset of X and € > 0. 
A subset R C X is said to be an e-net for Y if for every u € Y there 
exists a v € R such that d(u,v) < e€. 


Notice that a metric space is compact if and only if it is complete and 
for every € > 0 it admits a finite ¢-net. Consequently every compact metric 
space is complete and bounded (in the sense that its metric takes values in 
a bounded real interval). 


Theorem 1.1 (Hausdorff) Let (X,d) be a complete metric space and 
Y C X bea subset. The following statements are equivalent: 


(a) Y is relatively compact. 
(b) For every £ >0 there exists in X a finite e-net for Y. 
(c) For every £ >0 there exists in X a relatively compact e-net for Y. 
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Proof. (a)=(b): Assume that Y is relatively compact. Then Y is 
compact, and so for every € > 0 there exists in Y a finite e-net R for Y. 
Clearly, R is a finite e-net (in X) for Y. 

(b)=>(a): Assume (b) holds. Then for a given £ > 0 there exists in X 
a finite ¢/3-net R for Y. For every u E€ R we choose an element vu € Y 
such that d(u,vy) < €/3 (if such an element exists). It is easy to see that 
the set 

R' := {v,: u ER} 


is a finite 2¢/3-net for Y and also an e-net for Y. Hence Y is compact. 

(b)=(c): This is trivial, since every finite set is compact. 

(c)=(b): Assume (c) holds and take any ¢ > 0. Then there exists in X 
a relatively compact ¢/2-net R for Y. Furthermore, for the compact set 
R there exists a finite ¢/2-net R’. It is easy to see that R’ is an e-net (in 
X) for Y. Hence (b) is true. m 

We conclude this section by the following compactness property of the 
uniform limit of a family of relatively compact subsets of a complete metric 
space. 


Proposition 1.2 Let (X,d) be a complete metric space and let {Y, : A > 0} 
be a family of relatively compact subsets of X. Assume that Y C X is the 
uniform limit of Yy as A — 0, that is for each € > 0 there is As > 0 
such that for every u € Y and A € (0,A-) there exists uy E€ Y) with 
d(u,u,)<eée. Then Y is relatively compact. | 


The proof can be immediately given in terms of finite e-nets. We leave 
the details to the reader. 

In the next two sections, as applications of Hausdorff’s theorem, we 
shall prove the Ascoli—Arzéla and Fréchet-Kolmogorov theorems of charac- 
terization of the relatively compact subsets in C (K; R”) and D (Q; R”), 
respectively. 


1.2 The Ascoli—-Arzéla Theorem 
Let (K,d) be a compact metric space and C (K; R”) be the Banach space 
of all continuous functions from K to R”, under the sup-norm |.|,.. 


Theorem 1.2 (Ascoli—Arzéla) A subset Y of C(K;R"”) is relatively 
compact if and only if the following conditions are satisfied: 
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(i) Y is bounded, i.e., there exists a constant c > 0 such that 


ju (x)| < c 


forall cE K and wey. 
(ii) Y is equicontinuous, i.e., for every € >0 there exists a 6 > 0 such 
that for all u € Y, 


|u (x) — u (x’')| < € 


whenever z, x' E€ K and d(z,2’) < 6. 


Proof. Assume that Y is relatively compact in C (K; R”). Then, 
obviously, it is bounded and according to Hausdorff’s theorem, for every 
e€ > 0 there exists in C (K; R”) a finite ¢/3-net R for Y. Let 


R = {u1, ua, ..., Um}. 


The functions uz, being uniformly continuous on the compact K, there 
exists a 6 > 0 such that for all k € {1,2,...,m}, 


lug (x) ) — up ( x')| < €/3 


whenever z, z’ € K and d(z,2’) < 6. Now for any u € Y there exists a 
k € {1,2,...,.m} with 
Ju — unl, < €/3, 


so if d(x, x’) < 6, we have 


lu (x) —u(2’)| 
< lu (x) — up (x)| + [ux (x) — Ug ( x')| + jug (x —u(z’)| 
< €/3+6/38+e/3=e. 


This shows that Y is equicontinuous. 

Conversely, assume that (i) and (ii) hold. The space C (K; R”) being 
a closed subspace of the Banach space B (K; R”) of all bounded functions 
from K to R”, it is sufficient to prove that Y is relatively compact in 
B(K;R"). For this, according to Hausdorff’s theorem, we have to show 
that for every £ > 0 there exists in B(K;R”) a relatively compact e-net 
for Y. For a fixed € > 0 we consider 5 > 0 given by condition (ii). Since 
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K is compact, there is a finite 6/2-net {x1, £2, .... £m} for K. Let 


Kı = B52 (x1) ; 
Kə : = Bs (z2) \ Kı, 
m—1 
Km : = Bap (Lm) \ J Kj. 
j=l 
One has n 
K=|]K;, KinK;=0 for ižj, 
j=1 
and 


d(x, 2’) <6 forall z, x' € K;, j=1,2,...,m 


Let y; be the characteristic function of K;, i.e., 
(x) = 1 for xeEK;, 
Pj 0 for rE K \ Kj. 
We consider the following set of bounded functions from K to R”, 


m 

N pj >A; E€ R”, |A; | < c, 9 =1,2,...,m 

j=1 
Here c is the constant in (i). It is easy to see that R is relatively compact 
in B(K;R”) since the convergence of a sequence of functions in R reduces 
to the convergence of the corresponding sequences of vectors A;. Thus it 


remains to prove that R is an e-net for Y. For this let us choose an element 
T; € K; for every j € {1, 2, ..., m}. For each u € Y we build the function 


Lee u (zj) (z € K). 


Obviously v € R since |u (Z;)| 
a j with x € Kj, and so v (x) 
u(x 


ju (x) — 


since d(z,%;) < 6. Consequently |u — v| < £, which shows that R is an 
é-net for Y. m 


<c. In addition, for any x € K there exists 
= u(#,;). Hence by (ii) 


)| = ju (x) — u (z;)| < € 
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Let |.|, œœ denote the norm of CÒ (Q; R”) (k € N\ {0}, Q c R” bounded 
open), 


lulk oo = max f Jula Jw o es hl \ . 


Corollary 1.1 Let Q be a bounded open subset of RN. Every soe sub- 
set of the space (C? (Q; R”) , |. l1 o0) ts relatively compact in (C (ŒR”), ll) 


Proof. Let Y be a bounded subset of (c! (QG; R”), l-l) . Then Y is 


also bounded in (C (Q; R”), |-|). In addition, all functions in Y are Lip- 
schitz with the same Lipschitz constant, and therefore Y is equicontinuous. 
Now the Asoo ze theorem guarantees that Y is relatively compact in 


(C MR") shag). 
Remark 1.1 Let 2 be a bounded open subset of R" and k € N\{0}. Every 
bounded subset of the space (ct (Q;R") , |.| koo) is relatively compact in 


(o (Q; R”) ) -li-ty00) ' 


1.3 The Fréchet-Kolmogorov Theorem 


In this section we present some basic properties of the spaces L? (Q; R”) 
and the L? version of the Ascoli-Arzéla theorem. 

Let Qc RÀ be open and pER,1<p< œ. Let L?(0;R”) be the 
space of all measurable functions u : Q — R” such that |u|? is Lebesgue 
integrable on Q. The space LP (Q; R”) is endowed with the norm 


p= (f uapa) 


For p = co we let L” (Q; R”) be the space of all measurable functions 
u : Q — R” for which there exists a constant c with |u(x)| < c for 
almost every (a.e. for short) z € Q. The norm on L” (Q; R”) is given by 
|u|, = sup ess |u (x)|, i.e., 


lulo = inf {c : |u (x)| < c for a.e. z E€ Q}. 


Under the norm |.|,, L? (Q; R”) is a Banach space for each p € [1, oo]. The 
space L? (Q; R”) is a Hilbert space with the inner-product 


(uo) = | (u(2),v (2) de. 
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In some places we shall denote the norm |.|,, by |.| L(Q;R") in order to avoid 
any confusion. 

The space L? (Q; R) is denoted by L’ (Q). Also, for Q = (a,b) CR 
we write DL? (a,b; R”) instead of LD? ((a,b);R”) and L? (a,b) instead of 
LP ((a,)). 

For 1 < p < œ we let p’ be the conjugate exponent of p, i.e., 1/p + 
1/p' =1. Recall the well known Holder’s inequality: if u € L? (Q; R”) and 
v € LP (Q; R”) then |u| |v} € L! (Q) and 


J ju (x)| lu (2)| dz < ful, lly- 
Q 


This inequality implies that if Q is bounded then for 1 < p < q < ov, the 
following inclusions hold 


C (Q; R”) c L! (Q; R”) c I (Q; R”). 


We also recall that the dual of L? (Q; R”) (1 < p< œœ) is the space 
LP (Q; R”), where 1/p + 1/p' =1, whilst the dual of L® (Q; R”) strictly 
includes [1 (Q; R”). 

The following density result will be useful: the space Co (Q; R”) of all 
continuous functions from 2 to R” with compact support in Q is dense 
in LP (Q; R”) for every p €E [1, 00). 

For details and further information on the L? spaces, we refer the reader 
to Brezis [6]. 

For the rest of this section we assume that Q c RÙ is a bounded open 
set. For a given number r > 0 and any locally integrable (integrable on 
each compact subset) function u : RN — R” we define the average function 
of u with respect to radius r, m, (u): RY > R”, by 

1 


mr (u) (x) = — u(y)dy (x ER). (1.1) 
Wr JB,(zx) 


Here w, = u (B, (0)), the measure of the ball of radius r of R^. For a 
function u € LP (Q; R”) we define the average function m, (u) in the same 
way assuming that u(y) =0 for y €R. 


Lemma 1.1 For every u € LP (Q; R”) (1 < p< œ) and every r > 0, the 
function m, (u) is continuous on RY and satisfies 


[Mr (u) (x)| < wp P [ul pean) , LE R“, (1.2) 


and 
[Mmr (u) pecan) < luli aR) - (1.3) 
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Proof. We have 


|m, (u) (x) — m, (u) (2')| = wy! 


J u (y) w- u (y) dy 
B, (zx) B,(2’) 
wr J lu (y)| dy, 

B, (z,x') 


B, (x, z') = (B, (x) U B, (x’)) \ Br (£) A B, (2’). 


Hölder’s inequality applied to u and to the constant function 1 yields 


IA 


where 


[mr (u) (2) = m; (u) (2')| < wr (Br (2,2"))"”” lulzocagrey- 
Letting xz’ — x we deduce that 
m, (u) (2) > m, (u) (2) 


since u (B, (x, x) + 0. Hence m, (u) is continuous at any point z € RY. 
Notice that (1.2) immediately follows from (1.1) if we apply Hölder’s 
inequality to the functions 1 and u. 
Finally, (1.3) is obtained if we apply Hölder’s inequality and we inter- 
change the order of integration as show the following inequalities: 


mp = (f OF de “ 
G I (h u WF a) | " 
a a J, u (z t v) i tnd) " 


< ful 


lA 


p: 
This concludes the proof. m 

For any h € R and any u € LP (Q; R”) we define the translation of u 
by h, to be the function 7, (u) from R^ to R”, given by 


(u) (£) = uļxr+h) ife+hen 
Th EEN o if r+heRN\Q. 
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Theorem 1.3 (Fréchet—Kolmogorov) Let Q C RÀ be bounded open 
and 1 < p < œ. A subset Y of LP (Q; R”) is relatively compact if and 
only if the following conditions are satisfied: 


(i) Y is bounded, i.e., there exists a c>0 such that 
ul, <c 


forallueY; 
(ii) T,(u) > u in LP (Q;R”) as h — 0, uniformly for u € Y, i.e., 


sup |Ta(u) —ul, > 0 as h-0. 
ucY 


Proof. Assume that Y is relatively compact in L?(Q;R”). Then 
clearly (i) holds. Also, for a given € > 0 there exists in L?(Q;R”) a 
finite ¢/3-net for Y. Since C (Q; R”) is dense in L? (Q; R”) (recall that 
Q is bounded), we may assume that the elements of the net belong to 
C (Q; R”). Let these elements be uj, j = 1,2,...,m. Since uj is uniform 


continuous on the compact set Q, there exists a 6 > 0 such that 
juj (£) — Tn (uz) (x)| = [uz (z) — uy (£ + A)| 
E 
(2 - 3P (Q)) "P 


for all h E€ R™ with |A| < ô, £ E Qr =QN(Q—A) and j = 1,2,...,m. It 
follows that p 
E 


h ju; (2) — m (us) (2) P de < 35 


In addition, by (i) we may assume that for each j we have 
Pd a 

. < . 

hee. ju; (x)|? dx < 5. oP 


E 

3 

for |h| < 6 and j = 1,2,...,m. Now, for a given u € Y there isa j € 
{1,2,... m} with |u — uj|, < €/3. On the other hand, we have 


Consequently 
[Ta (uj) — ul, < 


Th (u) — u = Th (u — Uy) — (u — uj) + (Th (uj) — Uy). 
As a result, for |h| < ô one has 


Ith (u) — ul, < [Th (u — u;)lp + lu — us|, + ITa (uj) — uj|, < €. 
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Thus (ii) holds. 


Conversely, assume (i) and (ii) are satisfied. For any u € Y one has 


|m, (u) (x) — mr (u) (x’)| 


J u(v) dy — f u (y) dy 
B, (2) B,(z’) 


< wrt J, gt) -Tea U Wld 


< w7 tP [u — Ty?» (wu) |, 
This inequality together with (ii) shows that the set 
Mr (Y) = {m, (u): wE VY} 


is equicontinuous. In addition, according to (1.2) and (i) the set m, (Y) 
is bounded in C (Q; R”) . Now the Ascoli—Arzéla theorem guarantees that 
Mr (Y) is a relatively compact subset of C (Q; R”), and so of L? (Q; R”). 
On the other hand, from 


Il 
€ 


m, (u) (2) — u (2) Pf o COO 


| 
€ 
L 
> 
` 
© 
A 
wet 
A 
gQ 
Ner 
— 
8 
Ner 
| 
gQ 
— 
8 
Ner 
Ner 
Qu 
e 


we deduce 
Im, (u) ~ uly < sup [ry (u) = 
lylsr 

This shows that Y is the uniform limit (in L?” (Q; R”)) of m, (Y) as r — 0. 
Now Proposition 1.2 guarantees that Y is relatively compact in L? (Q; R”). 
a 

Notice we can slightly modify the Fréchet-Kolmogorov theorem in order 
that a unified criterion for compactness in both C (Q; R”) and L? (Q; R”) 
(1 < p< œ) be possible. More exactly, we have the following theorem. 


p' 


Theorem 1.4 Let 2 C RN be bounded open and p € [1,œ0]. Let Y C 
LP (Q; R”) for 1<p<œ and Y C C (Q; R”) for p= œ. Assume that 
there exists a function v € LP (Q) such that 

ju (x)| < v (x) (1.4) 
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fora.e. EQ andall uc Y. Then Y is relatively compact in LP (Q; R”) 
if and only if 


sup [Th (u) — ulte, 79 as h> 0. (1.5) 


Here NQ, =QN(Q—hA). 


Proof. 1) Assume p = oo. Then (1.4) is equivalent to the boundedness 
of Y in C (Q; R”), whilst (1.5) means exactly the equicontinuity of Y. 

2) Let 1 < p < œœ. Then (1.4) implies that Y is bounded in D? (Q; R”). 
Hence condition (i) in Theorem 1.3 holds. Now observe that (1.4) and (1.5) 
guarantee condition (ii) in Theorem 1.3. Indeed, one has 


[m (u) ~ ultram) = [m (u) — ultron) + lulico Re)’ 
Then using (1.4) we obtain 
[Ta (u) — ultera) S IT (4) — ultera + lee (oye) ° 
This inequality together with (1.5) guarantees (ii) in Theorem 1.3, since 


p 
rlia) >00 as h-0. 


Thus Theorem 1.3 applies and the proof is complete. m 
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Completely Continuous 
Operators on Banach Spaces 


In this chapter we define the notion of a completely continuous operator 
from a Banach space to another Banach space and we present some simple 
properties of the completely continuous operators. Next we prove Brouwer’s 
fixed point theorem. Finally, we prove the famous Schauder fixed point the- 
orem which, like Banach’s contraction principle, represents a fundamental 
result in nonlinear analysis. 


2.1 Completely Continuous Operators 


Definition 2.1 Let X, Y be Banach spaces and T : DC X >Y. 

(a) The operator T is said to be bounded if it maps any bounded subset 
of D into a bounded subset of Y. 

(b) The operator T is said to be completely continuous if it is continuous 
and maps any bounded subset of D into a relatively compact subset of Y. 

(c) The operator T is said to be of finite rank if T (D) lies in a finite- 
dimensional subspace of Y. 


It is clear that a continuous operator T : D C X — Y is completely 
continuous if and only if for every bounded sequence (uz) with uz E D, 
the sequence (T7'(uz)) has a convergent subsequence. 

Notice that any completely continuous operator is a bounded operator. 


Theorem 2.1 (1) If the operators T, To : D C X — Y are bounded 
(completely continuous) then for every a, B E€ R the operator aT, + PT is 
bounded (respectively, completely continuous). 
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(2) Let X, Y, Z be Banach spaces and Ti, Tz be two operators which 
are defined as follows: 


D, Ti Tı (D1) C Də To Z, Dı C X, Də C Y. 


If both operators Ti, To are bounded then the composite operator ToT; is 
also bounded. If one of the operators Ti, To is bounded continuous and the 
other one is completely continuous, then ToT is completely continuous. 


Proof. Both statements (1) and (2) are simple consequences of Defini- 
tion 2.1. For (2) also use the fact that a continuous operator maps relatively 
compact sets into relatively compact sets. W 


Theorem 2.2 (1) If the operators Tk : D — Y, D C X, k =1,2,... are 
completely continuous and T : D — Y is such that 


T (u) = lim Th (u) (2.1) 


uniformly on any bounded subset of D, then T is completely continuous 
too. 

(2) Let D C X be a bounded closed set and T : D — Y a completely 
continuous operator. Then there exists a sequence of continuous operators 


Tgk: D —Y of finite rank such that (2.1) holds, uniformly on D, and 
Tk (D) C conv (T (D)) 
for every k. 


Proof. (1) We first note that T is continuous at any point uo € D. This 
follows, using (2.1) and the continuity of Tk, from the following inequality 


IT (u) -T (uo)ly < |T (u) -— Thk (u)ly + [Te (u) — Tk (uo) ly 
+ |Tk (uo) — T (uo)ly - 


Let M c D be a bounded set. Since Tk is completely continuous we 
have that T (M) is relatively compact. In addition, from (2.1) we have 
that T (M) is the uniform limit of Tk (M) as k — oo. By Proposition 1.2, 
T (M) is relatively compact. Hence T is completely continuous. 

(2) Since T is completely continuous and D is bounded, the set T (D) 
is relatively compact. Consequently for every € > 0 there exist finitely 
many elements v; € T (D), j =1,2,...,me, such that 


T(D) c J Be (wy). 
j=l 
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Let (y;) be the partition of unity with respect to this covering of T (D). 
Hence 


yp, EC (T (D); (0, 1) , suppy; C Be (v;) Leo 
for all v €e T (D). We define the operator T;: D — Y by 
= X 9; (T(u))v (we D). 


By its construction Te is a continuous operator of finite rank and 
T: (D) C conv (T (D)). 


In addition, we have 


T) -T luly = a (T (u)) (vj =T (w) 


lA 


2 p; (T (u)) lv; — T (u)ly 


< D (T (u 
j=1 


since T (u) € Be (vj) whenever ; (T (u)) > 0. Hence 
T (u) = lim T; (u), 


uniformly for u € D. Finally, take Tp := Te with € = 1/k. m 
Here is a notion whose definition involves completely continuous opera- 


tors. 


Definition 2.2 Let (X, |.|,) and (Y, |.|y) be Banach spaces such that 
Y c X. We say that the embedding Y C X is continuous (respectively, 
completely continuous) if the injection map j : Y —> X, j(u) =u (UE Y) 
is continuous, respectively, completely continuous. 


We note that in the literature, the term ‘compact embedding’ is fre- 
quently used instead of ‘completely continuous embedding’. 
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It is clear that the embedding Y C X is continuous if and only if there 
is a constant c > 0 such that 


July <cluly, wey. 


For example, according to Remark 1.1 the embedding C* (Q; R”) C 
Ck-1 (Q; R”) is completely continuous. Here 2 c R” is bounded open 
and k € N \ {0}. Also, if 1 < p < q < œ and Q is bounded open then 
the embedding L9 (Q; R”) c L (Q; R”) is continuous since by Hölder’s 
inequality 

Q=P 
jul, < u (QF Jul, we L1 (0; R”). 
Here (q — p) / (pq) = 1/p if q= œ. 

Note that if the embedding Y C X is continuous (respectively, com- 
pletely continuous), then the embedding X* c Y* is continuous (respec- 
tively, completely continuous). 


2.2 Brouwer’s Fixed Point Theorem 


The basic topological tool in Part I will be Schauder’s fixed point theorem. 
In this section we prove the finite-dimensional version of Schauder’s theorem, 
namely Brouwer’s fixed point theorem [8]. 


Theorem 2.3 (Brouwer) Let D C RY be a nonempty convex compact 
set and let T : D — D be a continuous mapping. Then there exists at least 
one u€ D with T(u) =u. 


For the proof we need the following lemmas: 


Lemma 2.1 Let F : R”! — R” be a CÙ function. Consider the deter- 
minant 


A; = det [DoF , ..., Di-1F , Digi, ..., Dn F] 
whose columns are 
D,F = (OF, /O2j41, .... OF n/O2j41) . 
Then 
X (=1)' DiAi = 0, (2.2) 


where D,;A; = OA; /OXj41. 
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Proof. Let i, j € {0,1,...,n}, i Æj. For i< j we define 
Cij = det [D;;F, DoF, ..., Di1 F, Diy F, ..., D; F, Djy F, E DaF] 


where 
D;; F = (PF, /Oxi41 02541, e.. O° Fn /0x44102 541) . 
For i > 7 we let Ci; = Cji. We can easily check that 


n 


D; A; = So (- 1} Ci; +X (-1) 1)7 Cig = X (-1) o (i,j) Ciy 


j<i j>i j=0 
where 
1 if 7 <i, 
alij = 0 if =i, 
—1 if 7 >2. 
Hence 


n 


XO (-1)' Di4: = $ (1) o (i,j) Ciz. 


i=0 i, j=0 
Since ø (i,j) = —o (j,i) and Ci; = Cji, we have 


NO (iH o (i)i; = X (HM o Gi) Cji 
i, j=0 45-0 
=> HE 1) o (i,j) Cis, 
i, j=0 


which proves (2.2). m 
The next lemma is Brouwer’s theorem for mappings of class C9. 


Lemma 2.2 Let T : B — B, where B = Bı (0;R”), be a C™ function. 
Then T has at least one fixed point. 


Proof. Assume that T has no fixed points. Then for any u € B the 
line generating by u and T (u): 
v=u+a(u-—T (u), aER, 


cuts the sphere OB in two points. Let a(u) be the nonnegative value of a 
which corresponds to one of these two points. It is clear that æ (u) is the 
biggest root of the equation 


jut+ta(u—T (u)|=1, 
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which can be rewritten in the equivalent form 
a? ju — T (u)|? + 2a(u,u—T (u)) + ful? = 1. 

Hence 

a(u) = |u-T (u) {(u,T (u) — u) 

+ (u -TWP + (1 uP lu- TP Y 
This defines a C% function from B to R. In addition, 
a(u)=0 for |u| =1. 
Let us now define the mapping F : [0,1] x B — B by 
F (t,u) =u + ta (u) (u -T (u)). 
We have that F is of class C% and satisfies 
DiF (t,u) =0 for |u| = 1, 


F (0,u) =u, (2.3) 
F (1, u)| = 1. 


Here D,F (t,u) = OF (t,u) /ot. Let 
Ao (t,u) = det [DF (t,u), ..., Drak (t, u)| 


and 


I(t) = | Ao (tu) du 


We have Ao (0,u) = 1 and [(0) = „u (B) > 0. Also Ag (1,u) = 0. Indeed, 
the vectors D,F(1,u),...,DnF(1,u) belong to the tangent hyperplane to 
ðB at F(1,u). Thus they are linearly dependent and so Ag (1,u) = 0, as 
we claimed. Consequently I(1) = 0. We obtain a contradiction once we 
prove that T(t) is constant; more exactly, that I’ (t) = 0. To this end we 
differentiate under the integral sign and we use (2.2). We then obtain 


I'(t) = [DA (t,u)du = 5 (—1) t [ D;A; (t, u) du, 
i=1 


where 


A; (t, u) = det [DF , DF, ..., Di-iF , Dyk, wey D,a F]. 
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Let B; = BN {ue R” : u =0}. For each u € B; we define 
ye (u) =ut (0, ..., yi (u) , «., 0) 


and 
p7 (u) =u + (0, ..., =y; (u), ..., 0) 


where q; (u) = (1-5 u2)t/2 Then 


j# 
J, D;A; (t,u) du [ f "Y Dias u) du 
f, A (6 ot 0) = A evr Co) 


i 


| 


| 


x duyz ... duj_yduj41 ... dun 
= 0 


for i = 1,2,...,n. Indeed, since lox ( u)| = = 1, according to (2.3), one has 
DF (t, y= (u)) = 0. Hence the first oh of the determinant A; (¢ pF (u)) 
is null, and so this determinant equals zero. Therefore I’ (t)=0. m 
Proof of Theorem 2.3. Step 1. Assume that D = B = B; (0; R”). 
Let 
T (u) = (tı (u) , t2 (u) , ..., tn (u)) 
where t; : B — [—1,1],7 =1,2,...,n, are continuous functions. According 


to Weierstrass’ approximation theorem, each function t; is the uniform limit 
of a sequence (tf) > of functions t® : B — [-1,1] of class C™ satisfying 


F (u)| < lti (u)| 
for all u € B, i = 1,2,...,n and k= 1,2,.... Define Tk : B — B by 


Then 


uniformly on B. By Lemma 2.2, for each k there exists a uz, € B with 


Th (uk) = Uk. 
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Since B is compact, (uz) has a subsequence (ux;), convergent to some 


element ug E€ B. Then 


>1 


[T (uo) — uo] < |T (uo) -T (ur;)| + |T (ues) — Tr; (ua) 


+ ux, — uol — 0 as j—>oœ. 


Therefore T (uo) = uo. 

Step 2. The case D = B, (0; R”) can be reduced to the previous one 
by the change of variables v = r~'w and by considering the operator T” : 
B —> B, 

T' (v) =r tT (rv) (v €B). 


Step 3. We now consider the general case. We first show that there is 
a continuous extension T of T to the whole space R” with T (R”) cD. 
Indeed, D being compact in R”, we may choose a countable, dense subset 


{u;: je N\{0}} of D. For any u¢ D and any j we let 


p; (u) = max f2 — We A ; o} . 


Here 
d(u, D) = inf {ju—v|: v € D}. 


Then the mapping T : R” — D given by 


B T (u) | if u E€ D, 
T=) (Z E y (WT (w) if ue D 


is the desired continuous extension of T. Now choose any r > 0 large 


enough so that D c B, (0; R”) and define 
S : B, (0; R”) > D c B, (0; R”), S(u) =T (u). 


We are with S in the case considered at Step 2. Hence there exists a 
u € B,(0;R”) with S (u) = u, that is T (u) = u. Since T(R”) c D, we 
have u€ D and so T (u)=u. m 

For another proof of Brouwer’s theorem see Kantorovitch—Akilov [29]. 


2.3 Schauder’s Fixed Point Theorem 


The main result in this chapter is the famous fixed point theorem of Schauder 
[49]. 
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Theorem 2.4 (Schauder) Let X be a Banach space, K C X a nonempty 
convex compact set and let T : K — K be a continuous operator. Then T 
has at least one fixed point. 


Proof. Obviously T is completely continuous. Consequently by The- 
orem 2.2 there exists a sequence of continuous operators T; : K — K of 
finite rank such that 

T (u) = lim Tj (u) 
J> 
uniformly on K. Let n = n(j) be the dimension of the subspace Xn 
generated by T; (K). We have 


Tj: KAXn > KNXn. 
Consequently by Brouwer’s theorem there exists u; E€ K N Xn with 
T (uj) = uj. 


Since K is compact there exists a subsequence of (uj) convergent to some 
element u € K. As in Step 1 in the proof of Brouwer’s theorem we can 
conclude that T (u) =u. m 

The following variant of Schauder’s theorem is most useful in applica- 
tions. 


Theorem 2.5 (Schauder) Let X be a Banach space, D C X a nonempty 
conver bounded closed set and let T : D — D be a completely continuous 
operator. Then T has at least one fized point. 


We can derive Theorem 2.5 from Theorem 2.4 via the following result. 


Lemma 2.3 (Mazur) The conver hull of any relatively compact subset of 
a Banach space is relatively compact. 


Proof. Let Y be a relatively compact subset of a Banach space X. 
Then, given £ > 0 we find a finite number of elements of X, say u1, U2, ..., Um 
such that 

Y c |] Be (u). (2.4) 
i=1 
Let 


R = conv {uj, ug, ..., Um}. 
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Our goal is to prove that R is a relatively compact e-net for conv(Y). 
Once this is proved, we may say that conv(Y) is a relatively compact set 
in base of Hausdorff’s theorem. ‘To this end consider an arbitrary element 
u € conv (Y). We have 


u=X_ \jùj, A; > 0, Sy =1, vj E Y. 


j=1 j=1 


According to (2.4), for each v; there is an i; € {1,2,...,m} with v; € 
B: (ui) . Then 


n 
Ju — ` Ajui;| 
j=1 


IA | 
ta > 
—— S. 

e m~ 
2 | 
S = 
_— S 
Nr 


< E€ 


, | 

and >> Aju; E R. This shows that R is an e-net for conv(Y). Finally, 
j=l 

the compactness of R follows from the representation: 


Thus the proof is complete. m 


Proof of Theorem 2.5. Since T is completely continuous and D is 
bounded the set T (D) is relatively compact. Mazur’s lemma then implies 
that the set K = conv (T(D)) is compact (and obviously convex). From 
T(D) c D and D closed convex it follows that K C D. Now we apply 
Theorem 2.4 to the operator T : K — K. m 
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Continuous Solutions 
of Integral Equations 
via Schauder’s Theorem 


This chapter presents three examples of nonlinear integral operators which 
are completely continuous on some spaces of continuous functions: the Fred- 
holm integral operator, the Volterra integral operator, and a particular in- 
tegral operator with delay. Simultaneously, by means of Schauder’s fixed 
point theorem we prove existence theorems for continuous solutions of the 
integral equations associated to these operators. 


3.1 The Fredholm Integral Operator 


Let Q c RY be a bounded open set. 


Theorem 3.1 Let h: x R” >R” be a continuous mapping. Then the 
Fredholm operator associated to h, T: C (Q; R”) 3 C (Q; R”) given by 


T (u)(2)= | h(2,vu(y)dy (ee) (3.1) 


is completely continuous. 


Proof. We first prove that T is continuous. Let up € C (Q; R”) and 
choose any number R > |uo|,,. Let £ > 0. Since h is uniformly continuous 


on the compact set n x Br(0;R"), there exists a ôs > 0 such that for 
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every u € C (Q; R”) satisfying |u — uol < ôe one has u(y) € Br (0; R”) 
and 
|h (£, y, u (y)) —h (x,y, Uo (y))| < E 


for all xz, y € Q. Then 


IT (u) (x) — T (uo) (x)| 


IA 


J Ih (a, y, u (y)) — h (£, y, uo (y))| dy 
e u (9) 


IA 


for every x € Q. Hence 
|T (u) — T (uo) loo < €u (2) 


whenever |u — uolo < ôe. Therefore T is continuous at wo. 
Next, given a bounded subset Y of C (Q; R”), we shall prove that 
T (Y) is relatively compact in C (Q; R”). According to the Ascoli-Arzèla 
theorem, we have to show that T (Y) is bounded and equicontinuous. 
Indeed, since Y is bounded there exists a constant c > 0 such that 


jul, <e forall u €Y. 
It follows that for any u € Y we have 
IT (u)lo < M u (9), 
where 
M= max |h(z,y,z)|. 
7 xBe(0;R”) 


Hence the set T (Y) is bounded in C (Q; R”). 
On the other hand, using the uniform continuity of h on the compact 


x B,(0;R"”), for each £ > 0 there exists a ôs > 0 such that 
Jn(z,y,u(y)) — h (z',y,u (y))| < € 

for all z, z’, y E Q with |z —2'| <6, and u € Y. This immediately yields 
IT (u) (2) — T (u) (2')| < en (0), 


forall z, x’ € Q satisfying |x — x'| < 6, and u € Y. Thus T (Y) is equicon- 
tinuous. W 


The next result is a local version of Theorem 3.1. 
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Theorem 3.2 Let R>0 and h: x Br(0;R") — R” be a continuous 
mapping. Then the operator T : Br (0; C (Q; R”)) >C (Q; R”) given by 
(3.1) is completely continuous. 


Proof. Essentially the same reasoning as in the proof of Theorem 3.1 
establishes the result. m 

Using Theorem 3.2 and Schauder’s fixed point theorem we shall prove 
the existence of continuous solutions in a ball of C (Q; R”) , to the Fredholm 
integral equation in R” 


ulg) = | h(2,y,u (4) dy TER. (3.2) 


Theorem 3.3 Let R>0 and h: Ù x Bpr(0; R”) — R” be a continuous 
mapping. Assume 


M u (NQ) < R, (3.3) 
where 
M= max |h(z,y,z)|. 
0’ xBRO;R”) 
Then (3.2) has at least one solution u € C (Q; R”) with Jul < R. 


Proof. According to Theorem 3.2, the operator T : Br (0; C (Q; R”)) — 
C (Q; R”) given by (3.1) is completely continuous. On the other hand, (3.3) 
guarantees that 


T (Br (0; C (Q; R”))) CBr (0; C (Q; R”)) . 


Thus the conclusion follows from Theorem 2.5. m 


3.2 The Volterra Integral Operator 


Essentially the same reasoning as in the proof of Theorem 3.1 establishes 
the following two results: 


Theorem 3.4 Let h: [a,b]? x R” > R” be continuous. Then the Volterra 
operator associated to h, T : C ([a,b]; R”) — C ([a,b]; R”) given by 


T (u) (t) = J h(t,s,u(s))ds (t€ l[a, bl) (3.4) 


is completely continuous. 
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Theorem 3.5 Let R>0 and let h : [a,b]? x Br (0; R”) > R” be contin- 
uous. Then the operator T : Br (0;C ([a,b];R”)) > C ([a,b];R”) given by 
(3.4) is completely continuous. 


As an application we present an existence theorem for the Volterra in- 
tegral equation in R” 


t 

u= | h(t,s,u(s))ds+u(t), tE (a,b). (3.5) 

Theorem 3.6 Let h : [a,b]? x R” —> R” be continuous and let v € 
C'({a,b];R”). Assume that there exists constants a, B € R4 such that 

h(t,s,2)| <alz|+B (3.6) 


for all t, s € [a,b], z E R”. Then (3.5) has at least one solution u € 
C ([a, b]; R”). 


Proof. Let T : C ([a,b]; R”) — C ([a,b]; R”) be given by 


T (u) (t) -| h (t,s,u(s))ds +v (t). 


According to Theorem 3.4, T is completely continuous. We now show that 
T is a self-mapping of a closed ball of the space C ([a,b]; R”) endowed 
with a suitable norm, equivalent to the sup-norm |.|,,. Indeed, for any 
given number 0 > 0 we have 


t 


IT (u) (t)| h (t,s,u(s )ds+ v(t) 


A 


< Jhesu lds + |v]. 
< a f lu (s)| ds + 8 (b — a) + lol 


t 
= a J lu (s)| e9 es-V ds + 8 (b — a) + lol, 


< afute f eds + Ao a) + lol 
= að! HO e~9(-—a) (e o(t—a) _ 1) +8 (b-a) + |r|, 
< ab ufe] e20 4 BC- a) + fola 
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Since e~%t-2) < 1 on [a,b], we deduce 


IT (u) (t)] e- < ag! hu (.) e720 


and so 


T (u) (en 


< a0! lu (e%—9)] +8- a) + lolo: (3:7) 


Now fix any 0 > a. Then we can find R > 0 such that 
ad '*R+6(b—a)+|ul., < R. (3.8) 


Consider a new norm on C ([a,b]; R”), namely 


ull = fue] 


It is clear that the norm |.| œ and ||.|| are equivalent (thus T is also com- 
pletely continuous with respect to ||.||). On the other hand, (3.7) and (3.8) 
show that T maps the closed ball of center 0 and radius R of the space 
(C ([a, b];R”), ||.|]), into itself. Now the conclusion follows from Theorem 
2.5. E 

The reader could try to give variants of Theorem 3.6 to the case where 
condition (3.6) is replaced by an inequality of the form 


|h (t, 8,2)| < 4% (lz) 


with other types of functions 4% : R} — R}. 


3.3 An Integral Operator with Delay 


The following delay integral equation 


t 
ult) = | f(s,u(s)) as 

t—T 
can be interpreted as a model for the spread of certain infectious diseases 
with a contact rate that varies seasonally. In this equation u(t) is the 
proportion of infectives in a population at time t, T is the length of time 
an individual remains infectious, and f (t,u(t)) is the proportion of new 
infectives per unit time. 
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In this section we study the existence of continuous solutions on a given 
interval of time [0, tı], for the initial value problem 


u(t) = fp f(su(s))ds, O<t<ty, (3.9) 
u(t) = y(t), -T <t<0. 
We assume 
f €C ({[-7,t1] x R”; R”), y € C([-7, 0]; R”) 
and the following sewing condition holds 
p=] Fsple)ds (3.10) 


By a solution of (3.9) we mean a function u € C ([-r, t1]; R”) with u (t) = 
y(t) for all t € [—7, 0]. 

The initial value problem (3.9) was studied for the first time in Precup 
[44]. 


Theorem 3.7 Assume f € C({—7,t1] x R”; R”), y e C([-7,0]; R”) 
and that (3.10) holds. Then the delay integral operator T : D(T) —> 
C ([0, t1]; R”) given by 


T(u)()= | F(s,H(s))ds (te (0,41). 


where 
D (T) = {u € C ((0,t1];R”) : u (0) = ẹ (0)} 
and 
~n J v(t) forte [-7, 0], 
u(t) = l u(t) for te [0,tı], 


is completely continuous. 


Proof. Use the Ascoli-Arzéla theorem and follow the same steps as in 
the proof of Theorem 3.1. We omit the details. m 


Theorem 3.8 Assume f € C ([-7,t;| x R”; R”), y € C ([-7,0]; R”) and 
that (3.10) holds. In addition assume that there exist a, p E Ry such that 


If (t,2)| <a |z| +8 (3.11) 


forall z € R” and t € [0,t,]. Then (3.9) has a solution u € C ([-T,t1];R”). 
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Proof. The proof closely resembles the proof of Theorem 3.6. Let 


= t t))}. 
y= max, IF (49 (0) 


We have 
t 
IT (u)(t)| < ry | If (s,u(s))| ds 
t 
< ryta | lu(s)|ds+ 6 tı 
0 


t 
= ry+Bt+a | lu (s)|e~? Se? Sds 
0 


t 
| e? Sds 
co Jo 


g-1.8t 


OO 


0s 


< Try+bti+a fu (s) e7 


< Try+lbti+a fu (s) e7" 


It follows that 


T (u)(t)e*"| <7ry+Bt,+a6" lu (s)e™?s 


Now choose 0 > a and a number R > 0 with 
Ty+ Bt, +a0'R<R. 
Then T (B) c B, where 


B = {ue D(T): hu (©) e= < R forall t€ [0, t1]. 


It is clear that B is a nonempty convex bounded closed subset of C ([0, t1] ; R”). 
The conclusion is now immediate from Theorem 2.5. m 

As in the previous section, the reader could try to obtain existence results 
for (3.9) assuming instead of (3.11) a condition of the form 


If @& 2) < y (zl) 


with different types of function 4 : R} —> R+. 
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The Leray—Schauder 
Principle 
and Applications 


In applications one of the drawbacks of Schauder’s fixed point theorem is the 
invariance condition T (D) c D which has to be guaranteed for a bounded 
closed convex subset D of a Banach space. The Leray—Schauder principle 
[32] makes it possible to avoid such a condition and requires instead that a 
‘boundary condition’ is satisfied. In this chapter we shall prove the Leray- 
Schauder principle and we shall apply it in order to obtain existence results 
for continuous solutions of integral equations. In particular, we give results 
on the existence of continuous solutions of initial value and two-point bound- 
ary value problems for nonlinear ordinary differential equations in R”. The 
results will be better than those established by means of Schauder’s theorem. 


4.1 The Leray—Schauder Principle 


Theorem 4.1 (Leray—Schauder) Let X be a Banach space, KC X a 
closed convex subset, U C K a bounded set, open in K and ugo E U a fired 
element. Assume that the operator T : U — K is completely continuous 
and satisfies the boundary condition 


u £+ (1 — à)uo +AT (u) for all u € OU, A€ (0,1). (4.1) 
Then T has at least one fized point in U. 


Proof. For the proof we use Granas’ fixed point approach (see Dugundji- 
Granas [19], Granas [23], O’Regan—Precup [37] and Zeidler [53]). Notice the 
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property of U of being open as well as the boundary OU are understood 
with respect to the topology of K. We may assume that (4.1) holds on 0U 
for all A € [0,1]. Indeed, this is obvious for 4 = 0 since uo € U, whilst if 
(4.1) does not hold for A = 1, then the theorem is proved. 

Let 


S= {u €U: u= (1— A)uo +AT (u) for some à € [0,1]}. 


Obviously S is nonempty (since ug € S), closed, and S N ðU = 9. By 
Urysohn’s lemma (see Dugundji-Granas [19]), there exists a function y € 


C (U; [0,1]) such that 


(u) = 0 for u € OU, 
P=) 1 for ue S. 


We now define the operator T:K =K by 


~, f (l—y(u))u+y(u)T(u) for uE, 
Pwd G í ai for u € K \ U. 


It is clear that T is continuous and 
T(K) c conv ({uo} UT (U)). 


Since T is completely continuous, T (U) is relatively compact. Hence by 
Mazur’s lemma the following subset of K, 


D = onw ({uo} UT (U)), 
is convex and compact. In addition 
T(D) cD. 


Hence Theorems 2.4 applies and_guarantees the existence ofa u€ D with 
T (u) =u. By the definition of T, u must lie in U. Then 


= (1 — ọ (u)) uo + ọ (u) T (u). 


This shows that u € S and so ọ (u) = 1. As a result, u = T (u). m 

Notice that the essential idea of the Leray-Schauder principle consists 
in joining the operator T to the constant operator uo by means of the 
homotopy H : U x [0,1] > K, 


H (u, A) = (1 — A) uo + AT (u) 
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in a such way that the unique fixed point of H(.,0), namely uo, can be 
‘continued’ in a fixed point of H (.,A) for each à € [0,1], and, in particular, 
in a fixed point of H (.,1) = T. This continuation process is possible if all 
operators H(.,A) for A € [0,1] are fixed point free on the boundary of U. 
In applications the Leray—Schauder principle is usually used together 
with the so called ‘a priori bounds technique’: 
Suppose we wish to solve the operator equation 


u=T (u), week, (4.2) 


where K is a closed, convex subset of a Banach space (X, |.|x), and T: 
K — K is completely continuous. Then we look at the set of all solutions 
to the one-parameter family of equations 


= (1—A)u +AT (u), wEK, (4.3) 
when A € (0,1). Here uo € K is fixed (in most cases up = 0). If this set 
is bounded, i.e., there exists R > 0 such that 


(strictly!) whenever u solves (4.3) for some A € (0,1), then we let U be 
the intersection of K with the open ball Br (uo; X). Thus Theorem 4.1 
applies and guarantees the existence of a solution to (4.2). 

For other results of Leray—Schauder type we refer the reader to the mono- 
graph O’Regan-—Precup [37]. 


4.2 Existence Results for Fredholm Integral 
Equations 


In this section we present general existence theorems for the Fredholm inte- 
gral equation in R” 


u(x) = f h (x,y, u (y))dy, «EQ. (4.4) 
Q 
Here Q c R^ is a bounded open set. We seek continuous solutions with 
values in a given ball 
B={z € R”: |z| < R}, 
ie, u EC (Q; B). 


Theorem 4.1 yields the following existence principle which can be sum- 
marized as follows: ‘boundedness yields existence’. 
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Theorem 4.2 Let h: on x B — R?” be continuous. Assume that 
Jul v LR (4.5) 


for any solution u € C (Q; B) to 
u(z)=à | h(eyuy)dy, ze (4.6) 
Q 


for each A € (0,1). Then (4.4) has a solution in C (Q; B). 
Proof. Let K = X =C (Q; R”) with norm |.|,,, 
U = {u € C (Q; R”) : lulo < R}, 


uo be the null function and T : U > C (Q; R”) be given by 


P(u)(2)= | hanuod een. 


The result follows from Theorem 4.1. m 

Notice Theorem 3.3 is a corollary of Theorem 4.2. Indeed, if u € 
C (Q; B) is any solution of (4.6) for some A € (0,1), then for any x € Q, 
using (3.3) we obtain 


u) = Aff rænu u (y)) dy 
< sf henua ))| dy 
< AM p(Q) 
< AR<R 


Hence u satisfies (4.5). 
An immediate consequence of Theorem 4.2 is the following existence 
result for the Hammerstein integral equation in R” 


u (2) = J x (,y) f(y,u(y))ay, veo. (4.7) 


Corollary 4.1 Let k : T >R and f:Q xB — R” be continuous 


functions. Assume 
Ik (z,y)| <1 (4.8) 
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for all x,y € 2, and that there exists a continuous nondecreasing function 


Y : [0, R] +R, with y (R) >0, and ġ € C (Q; R4), such that 
If 2) < oy) ¥v (lel) (4.9) 


for all yEQ,z€ B, and 


R 
bl ria) S J (4.10) 


Then (4.7) has a solution u € C (Q; R”) with julo < R. 
Proof. The result follows from Theorem 4.2, where 
h (x,y,z) = K (x,y) f (Y, z), 


once we show that (4.5) holds. For this, let u € C (Q; B) be any solution 
of (4.6) for some » € (0,1). Then using (4.8)-(4.10) we obtain 


TOES ACOLO 
< MP(R) | 6 uy)ay 
= A% (R) Ida) 
< AR< R. 


Hence |u|,, < R. Therefore Theorem 4.2 applies. m 

In particular, if « is the Green’s function of a certain differential operator 
with respect to some boundary conditions, we can guarantee (4.5) by some 
other types of conditions on f. 

Here are some examples for Q = [0,1], that is for the Hammerstein 
equation in R” 


1 
u (2) = J (eu) F(ysu(v)) dy, 2 € [01]. (4.11) 


Theorem 4.3 Let k be the Green’s function of the differential operator 
—u" +u with respect to one set of the homogeneous Dirichlet, Neumann, or 
periodic boundary conditions 


u (0) =u(1) =0 (Dirichlet), (4.12) 


u' (0) =u (1)=0 (Neumann), (4.13) 
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u (0) — u (1) = u’ (0) — wu’ (1) =0 (periodic conditions) . (4.14) 


Let f : [0,1] x B — R” be continuous. Assume that for every z € B with 
|z| = R, one has 


(z, f (y,2)) < R? for all y € [0,1]. (4.15) 
Then (4.11) has a solution u € C ([0,1]; R”) with |u|, < R. 


Proof. To apply Theorem 4.2 we need to prove (4.5) for any solution 
u € C ([0,1]; B) of (4.6). Let u € C ([0,1]; B) be a solution of (4.6) for 
some À € (0,1). Clearly, |u| „ < R. Assume 


lulo = R. 
Then there exists a point xo € [0,1] such that 
lu (xo)| = R. 


On the other hand, since « is a Green’s function u € C? ([0,1]; R”) and 
solves the problem 


f ou e)+ule)= 4 Eu, zeb (4.16) 


Here B stands for either homogeneous Dirichlet, Neumann, or periodic 
boundary conditions. We shall derive a contradiction to (4.15) once we 
show that 

(u (xo), f (to, u (£0))) > R?. (4.17) 


If zo € (0,1) then since |u|? achieves its maximum at xo, we must have 


(ul?) (xo) < 0. 


Direct computation shows that 


and 


2 "o /|2 1 
(ia = 2|u’| +2(u,u"). (4.18) 


Consequently 
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This together with (4.16) yields 


0 > C a 0) ,u (z0) — Af (xo, u (20))) 
= À (u (xo) , f (£0, u (x£0))) 
> MR — (u (z0) , f (£0, u (£0)))) - 


Thus (4.17) holds. 

Next we prove (4.17) in case that xo = 0. This case can not hold under 
conditions (4.12). 

Case 1. Assume B means (4.13). Assume 


(u (0), f (0, u (0))) < R°. 
Then 


R? > AR? 

> (u (0), AF (0, u (0 ))) 
GO Oe) 
— (u(0),u"(0)). 


/1 
It follows that (u(0),u”(0)) > 0. Now (4.18) implies (Iu?) (0) > 0 and 


/ 
O (a is strictly increasing near 0. Then 


(Il?) (x) > (lu?) (0) = 2 (u (0), (0) =0 


for x >0 near 0. So |u|? is strictly increasing near 0, which is impossible 
since |u|? achieves its maximum at 0. Thus (4.17) holds. 
Case 2. Assume B means (4.14). If 


(u (0) ,w! (0)) = (u (1) ,u' (1)) #0, 


it follows that |u|? can not achieve its maximum at zo = 0 (equivalently, 
at 1). Hence 


(u (0) ,w'(0)) = (w(1) ,w/(1)) =0 
and we make the same reasoning as at Case 1. 
Finally, we prove (4.17) similarly if rp = 1. 
Therefore in all cases (4.17) holds, yielding a contradiction. m 
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Remark 4.1 Theorem 4.3 is in fact an existence result for the two-point 
boundary value problem 


l —u" (x) +u (x) = f (x,u (x)), x e [0,1] 
u E B. 


We refer the reader to Granas—Guenther—Lee [24] and O’Regan—Precup 
[37] for numerous results on boundary value problems via the Leray—Schauder 
principle. 


4.3 Existence Results for Volterra Integral 


Equations 


This section presents general existence theorems for the Volterra integral 
equation in R” 


t 
u(t) = J h(t,s,u(s))ds, tE [a,b]. (4.19) 
We seek continuous solutions with values in the ball 
B={z€ R”: |z| < R}, 


i.e., u € C ([a,b] ; B). 


First we state the analog of Theorem 4.2 for Volterra equations, another 
direct consequence of Theorem 4.1. 
Theorem 4.4 Let h: [a,b]? x B — R” be continuous. Assume that 
jul, < R (4.20) 


for any solution u € C ([a,b];B) to 
t 
u(t) = af h(t,s,u(s))ds, t€ [a,b] (4.21) 


for each A€ (0,1). Then (4.19) has a solution in C ({a, b]; B). 


Next we give a sufficient condition for (4.20) in the case of the equation 
in R” ; 
u(t) = J k (t,s) f (s,u(s))ds, t € [a,b]. (4.22) 
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Corollary 4.2 Let «k : [a,b]? > R and f : [a,b] x B — R” be continuous 
functions. Assume that 
Is (t,8)| <1 (4.23) 


for all t,s € [a,b], there exists a continuous nondecreasing function y : 


(0, R] — (0,00) anda ġ EC ([a,b]; R4) such that 
If (s,2)| < $ (s) ¥ (ll) (4.24) 


for all s€ [a,b], z E€ B, and 


A 
< —— do. 4.25 
|Pl Lija t] = | p (0) ( ) 
Then (4.22) has a solution u € C ([a,b]; R”) with |u|. < R. 
Proof. Let u € C ([a,b]; B) be any solution of (4.21) for some A € 


(0,1). Here 
h (t,s,z) =K (t,s) f (s,z). 


Then 


UOA S Wits) Fu(spldssrfoov(u(s)ds 42) 


for all t € [a,b]. Here we have understand that 4 (0) = lim y (t). Let 


c(t) = min { R, à f ov (ulas). 


Clearly c is nondecreasing. We claim that c(b) < R. Assume the contrary. 
Then, since c(a) = 0, there exists a subinterval [a,b] C [a,b] with 


c(a) =0, c(b')=R and c(t) € (0, R) for t€ (a',b'). 


Since by (4.26), 
lu (t)| <c) < R on [a,b], 


and w is nondecreasing on [0, R], we have 


c (s) = à ¢ (s) Y (lu (s)|) < àg (s}4 (e (s)) 
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for all s € [a’, b’). Now integration from a’ to b’ yields 


L seen > h po 


< ' 6(8)ds 
< von 
< [ods 


a contradiction. Notice we may assume |¢|;1;,,) > 0 since otherwise we 
have nothing to prove. Hence c(b) < R and so, by (4.26), |u(t)| < R for 
all t € [a,b]. Therefore |u|,, < R and Theorem 4.4 applies. m 


Remark 4.2 Notice Corollary 4.2 can be directly derived from Schauder’s 
fixed point theorem if we observe that T (D) c D, where 


D = {uweC({a,b];R”): ju(t)|<7(t) on [a,b]}, 


(Leia) 


r9 = | 7a” 


and T is the Volterra integral operator associated to the right hand side of 
the equation (4.22). We note that y(t) < R for all t € [a,b] because of 
(4.25). 


2 
o—™ 
~ 
x 

| 


Corollary 4.2 yields a global existence result for the initial value problem 


l COT fen t € [0, ti], (4.27) 


Theorem 4.5 Let f € C ([0,ti] x R”;R”). Assume that there exists a 
continuous nondecreasing function w : (0,00) — (0,00) such that 


If (s,2)| < 4% (2l) 
for all s € [0, ti], z E€ R”, and 


ti < f l do 
! o Yo) 
Then (4.27) has a solution u € C? ([0, t1]; R”). 
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Proof. Problem (4.27) is equivalent to (4.22). Here [a,b] = [0, tı] and 
k =1. Choose any R > 0 such that 


R o] 
ns | plo)” 


Then (4.25) holds and Corollary 4.2 applies. m 


4.4 The Cauchy Problem for an Integral Equation 
with Delay 


In this section we turn back to the initial value problem (3.9). The technique 
we use here is based upon the Leray—Schauder principle. In addition we seek 
positive solutions u with u(t) >a for all t € [0,t1], where a € R+. Here, 
for z, 2’ € R”, by z > 2’ we mean zi > zi, i = 1,2,...,n. Also z >a 
stands for z; >a, 71=1,2,...,n. 


Our assumptions are as follows: 


(i) fEec ([-r, tı] x |a, 00)"; R?) ; 
(ii) p € C ([-7,0];R”), satisfies (3.10) and y(t) >a on [-7,0]; 
(iii) there exists a function g € C ([—-r, t1];R”) such that 


f(t,z) > g(t) 


for all t € [-7,ti], z E [a, oo)”, and 


for all t € [0, t1]; 
(iv) there exists a continuous nondecreasing function % : (a,oœ0) —> 
(0,00) such that 
If (t,2)| < ¥ (lal) 


for all t € [0, t1], z € [a,oo)”, and 


œ | 
n< | plo)” 


where 
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Theorem 4.6 Assume that the assumptions (i)-(iv) are satisfied. Then 
(3.9) has at least one solution u € C'({[-7,t1];R”) with u(t) >a for all 
CE [—T, tı] . 


Proof. We first note that b > |ọ (0)|. Indeed, 


0 0 
b= f fedal Feo) 


—T 


=| (0)]. 


We apply Theorem 4.1 with X = C'((0,t1];R”), 
K={ueX:u(0)= (0), u(t) 2a on [0,tı]} 


and T : K — K given by 


T (u) (t)= | f(s,u(s))ds (te [0,t)), 


t—T 


where 
u (t) — l y(t), tE [—T, 0] 


u(t), te [0t]. 


According to (i)-(iii), the operator T is well defined. In addition, T is 
completely continuous (see Theorem 3.7). In what follows we shall establish 
the boundedness of all solutions to 


u = (1 — à) uo + AT (u) (4.28) 


for A € (0,1), where uo is the constant function y (0). To this end, let u 
be any solution of (4.28) for some A € (0,1). Then 

t 
UOISA-AVDHA | |F(s,(s)] ds 


t—T 


Let c: [0,t1] — R be given by 
t 
c(t) = a= d)b+A f if (s,a(s))| ds. 


Notice c(0) =b. Furthermore, for t € [0,t1] one has 


e(t) = Alf (Gu) -IS E-r, u(t- Tr) 
Alf (t, u (t))| 
Ap (lu (t)|) 


IA IA 
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and, since |u(t)| < c(t) and 4% is nondecreasing, 
o (t) < WW (e (t). 


Therefore , 
c (s) <A<1. 


Y (e(s)) 


Integration from 0 to t yields 


Ol p t c (s) . 
i (oy -| eE < 


Hence c(t) < R, where R is any fixed number satisfying 


R ] 
as / po)” 


Therefore |u(t)| < R for all t € [0, tı]. m 


4.5 Periodic Solutions of an Integral Equation with 
Delay 


In this section we establish the existence of periodic solutions of a given 
period w > 0 for the integral equation in R” 


t 
u(t) = f (s, u(s)) ds. (4.29) 
t—T 

The ideas in this section were adapted from the paper Precup [46]. 

Our assumptions are: 

hi) fec (R x R?; R?) : 

(h2) f(t+w,z) = f (t,z) for every t € R, z € R}; 

(h3) there exists a number a > 0 and an w-periodic function g € 
C (R; R”) such that 


} 


f (t,z) 2 g (t) 


for all t € R, z € [a, oo)”, and 


t 
f g(s)ds >a 
t—T 
for all t € R; 
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(h4) there exist two numbers b, R with 
ayn <b < R, 
and a function ~ € C (|a, R]; R4) with y(t) >0 on [b, R], such that 
If (t,2)| < ¥ (lal) 


for all te R and z € [a,oo)” with |z| < R, 


Rol 
ws | po)” (4.30) 


(4.31) 


and 


for all te R and z € [a,co)” satisfying b < |z| < R. 


Theorem 4.7 Assume that (h1)-(hA4) are satisfied. Then (4.29) has an w- 


periodic continuous solution u such that 
u(t)>a on [0,%w], 


j t) <b d t)l < R. 
mn ju (t)| and max lu (t)| < 

Proof. We shall apply the Leray—Schauder principle. Here X is the 
space of all continuous w-periodic functions u with the norm lulo = 
max |u (t)], 
tE[0,w] 

kK={ueEX: u(t) >a on [0,%]} 

and 


U = jue kK: min |u(t)| <b, lulo < R). 
tE[0,w] 


Also, uo is the constant vector-valued function (a,a,...,a) simply denoted 
by a, and T : K — K is given by 


T (u) (t) = f(s,u(s))ds (tER). 


It is easy to show that (h1)-(h3) guarantee that T is well defined and 
completely continuous. We now claim that the Leray-Schauder boundary 
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condition (4.1) is satisfied. Assume by contradiction that there are u € U 
and A € (0,1) such that 


u = (1 — à)uo +AT (u), 


that is ; 
u(t) =(1—A)at+A f(s,u(s))ds, tER. (4.32) 


t—T 


Since u € OU we have either 


jul, =R and min |u(t)| <8), (4.33) 
tE[0,w] 
or 
jul, CR and min |u(t)| =b. (4.34) 
tE[0,w] 


First assume (4.33). By differentiating (4.32) we obtain 
u (t) = Af (t,u(t)) —Af (t-—7,u(t—7)). 
Then 
(u (t) u (t)) =A(u(t), f (t u(t))) — à (u (t), f Œ -= T, u (t = 7))) . 


Since all the components of the vectors u(t) and f(t—7,u(t—T)) are 
nonnegative, we have that 


(u(t), f(t—7,u(t—7))) 2 0. 


Hence 
(u(t) u (€) < A (u (£), F (t, u (2). 


Furthermore, using (h4) we obtain 


(u (t) u (t)) SAlu If 6 u DI Alu ly Cu E) . 


ul = (Ve) - (ut) 


ju (6) < Ay (lu (t)1). (4.35) 
Let to € [0,w] be such that 


Since 


we obtain 


u (to)| = main, fu (0) 
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and let tı E (to, to+w] be such that |u (t,)| = R. From (4.35), by integration 
from to to tı, we obtain 


ia 1 J X( 
—~ do < A (ti —to) < w.. 
lu(to)| ¥ (7) 


This, according to (4.30), is impossible since |u (to)| < b and |u(t1)| = R. 
Thus (4.33) can not hold. 
Now assume (4.34). Let to € [0,w] be such that 


ju(to)| = min u(t] =. 


Then from (4.32) and (4.31) we obtain 
b = |u (to)| < (1—A) aV/n+ Ab < b, 


a contradiction. 
Thus the Leray-Schauder boundary condition holds and Theorem 4.1 
applies. m 


Remark 4.3 Assume (h1)-(h3) hold and that instead of (h4) , the following 
condition is satisfied: 
(h4*) If (t,z)| < R for all t € [0,w] and z € [a, 00)” with |z| < R. 
Then T (Kpr) C Kr, where Kpr = {u€ K: |u(t)|< R on [0,%]}, and 
the existence of a continuous w-periodic solution to (4.29) is guaranteed by 
Schauder’s fixed point theorem. 


Example 4.1 Let n = 1, 7 =w = 1 and let f(t,z) = yı (z) (z € R4), 
where 


5z, z € [0,1] 
—4z +9, z€ [1,2] 
pi (z) = 1, ZE [2,3] 
3z—8, z€ [3,5] 
z +2, z € [5, 00). 


The assumptions (h1)-(h4) are satisfied with a = 1, b = 2, R = 3, g (t) = 1 
and 4 (o) = %1 (a). However, for any R > 0 there is no a < R such that 
(h1)-(h3) and (h4*) are satisfied. 


Remark 4.4 For a given function f satisfying (h1)-(h2) there could exist 
several intervals [a, R] such that (h3) and (h4) hold. If these intervals are 
disjoint, then the corresponding solutions guaranteed by Theorem 4.7 are 
distinct. 
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Example 4.2 Let n,7 and yw be as in Example 4.1, and let 
f(tz)=n (ve), tER, zE (4-1), 4k], 
k =1,2,..., where 
Pr (z) =4(k -1) + yı (2 —4(k - 1)) 


and gı is any nonnegative continuous function with a period w > 0, such 
that 


t 
J gı (s)ds > 1, tE [0w]. 
t—1 


It is easy to see that if 


w max gi (t) < (4(k-1)+1), 
tE[0,w] 


then all the assumptions of Theorem 4.7 are satisfied for 


a=4(k—1)+1, b=4(k-1)+2, R=4(k-1)+3, 


g (t) (4(k-1) +1) q(t), 
W(z) = Ve (z) max gı (t). 


tE[0,w] 


Therefore for each k € N \ {0} satisfying 


-1 
4(k—-1)+1< (~ max a(t) | , 
tE[0,w] 
the equation (4.29) has at least one continuous w-periodic solution ug such 


that 
4(k—1) +1 inf ug (t) <4(k—1)+2 
E€ 


and 
sup uz (t) < 4(k— 1) +3. 
teR 


In particular, when gı (t) =1 such solutions are the constant functions 


ug (t) =4(k-1) + 5 


for k =1,2,.... 
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Other results on the integral equation (4.29) can be found in Precup- 
Kirr [47] and Trif [50]. The same equation in a general Banach space is 
studied in Guo—Lakshmikantham-— Liu [27]. 

For other applications of the Leray—Schauder principle to integral, dif- 
ferential, integro-differential and partial differential equations we refer the 
reader to Bobisud [5], Constantin [13], Frigon [21], Gilbarg—Trudinger [22], 
Granas—Guenther—Lee [24], [25], Guenther—Lee [26], Gupta [28], Lan-Webb 
[31], Mawhin [33], Ntouyas-Tsamatos [34], O’Regan—Meehan [35], Pach- 
patte [40] and Precup [45]. 


Chapter 5 


Existence ‘Theory 
in L’ Spaces 


In this chapter we present three examples of continuous operators acting 
in LP spaces, namely: the Nemytskii superposition operator; the Fredholm 
linear integral operator; and the Hammerstein nonlinear integral operator. 
As applications we shall prove via the Leray—Schauder principle several ex- 
istence results in LP for Hammerstein and Volterra-Hammerstein integral 
equations in R”. We show that these results immediately yield existence 
theorems of weak solutions (in Sobolev spaces) to the initial value and two- 
point boundary value problems for ordinary differential equations in R”, 
under some more general conditions than the continuity. Notice the weak 
solutions are functions which satisfy the differential equations almost every- 
where (a.e., that is, except a set of measure zero). 

In addition we show that the two cases of continuous solutions and re- 
spectively, of LP solutions (1 < p < oo), can be treated together by consid- 
ering 1 < p < œ. 


5.1 The Nemytskii Operator 


Let Q c R” be an open set and f : Q x R” — R” be a given function. 
The Nemytskii operator Ny associated to f assigns to each function u : 
Q —> R”, the function N; (u) : Q — R”, defined by 


N; (u) (2) = f (z,u (2)) (z EM). (5.1) 


Suitable conditions on f guarantee that Ns has desired properties. Here we 
present such conditions in order that Ny maps L? (Q; R™) into L7(Q;R”). 
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Definition 5.1 One says that a function f : Q x R™ — R” satisfies the 
Carathéodory conditions if: 

(1) f(.,y):Q— R” is measurable for every y € R”; 

(ii) f(az,.): R™ — R” is continuous for a.e. x E€ Q. 


Lemma 5.1 If f satisfies the Carathéodory conditions then Nfs maps mea- 
surable functions into measurable functions. 


Proof. Let u: Q — R” be measurable. Then, there exists a sequence 
of finitely-valued functions (ux) with 


up (x) > u(r) as k-> oo forae. cE. 
This together with (ii) implies 
Nf (ur) (2) = f (x, ux (2)) > f (2, u(x) = Nọ (u) (2) (5.2) 


as k — oo for a.e. x € Q. On the other hand, uz being finitely-valued 
admits a representation as 


Pk 
Up (x) = N Xij (£) Ykj 
j=1 


where yk; E€ R™ and xx; is the characteristic function of some subset 
Qk; C Q, with 


Pk 
Y= |] Nk Mj AM =O for j Fi. 
j=l 
It follows that 
Nz (ur)lo = f(s Yes) 


which, by (i), is a measurable function on 9;;. As a result, Nz (ux) is 
measurable on Q. Now according to (5.2) the function Np (u) is measurable, 
as limit of a sequence of measurable functions. m 


Definition 5.2 Let p € [1,co] and q € [l,oo). A function f : Q x R” — 
R” is said to be (p,q)-Carathéodory if the following condition is satisfied: 


(a) if1<p<oo then |f(z,z)| < g (z) + celz? 
for a.e. £ € NQ, all z € R™and some g € L9 (Q; R4), c € Ry; 


(b) if p = oo then for every R > Othere is a gr € L9 (Q) with 
|f (z,2z)| < gr (x) for a.e. x € Qand all z € R”with |z| < R. 


(5.3) 
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Theorem 5.1 Let p € [1,00] and q E [1,c0). Assume that the function 
f:QxR™ — R” is (p,q)-Carathéodory. Then the Nemytskiit operator 
Ny: LP (Q; R”) — L9(OQ;R”) associated to f, given by (5.1) is well defined, 


continuous and satisfies 
(a) for 1 < P < 0: N} (u)| Laar») < Iiza(a) + a a 
for all u € LP(Q;R™); 


(b) for p = OO. N} (u) raa; Rm) < IIR] La 
for all u E L® (Q; R™) with jul, < R and every R > 0. 


(5.4) 


Here g, gr and c are those from Definition 5.2. 


Proof. Step 1: Ny; maps P (Q;R™) into L1 (Q; R”) and satisfies 
(5.4). To prove this, let us consider any function u € D (Q; R™). By the 
definition of the space LP (Q; R™), u is measurable. Lemma 5.1 implies 
that Np (u) is measurable too. Furthermore, from (5.3), by means of the 
norm inequality, we obtain for 1 < p, q < oo: 


|N; (u) (x) |? dx "4 (Ig (2)| + elu (o))P/*)! da 1/q 
Q 


lIl rao) +c alee orem) 
The case p = œo is left to the reader. 
Step 2: Ny is continuous from L?(Q;R™) to L4 (Q; R”). The proof is 
based on the well known Vitali’s theorem (for a proof, see Dunford—Schwartz 
[20], or Pascali-Sburlan [42]): 


lA 


IA 


Lemma 5.2 (Vitali) Let (uz) be a sequence of functions uz E€ LP (Q; R”) 
(1<p<oo) such that uz(xz) — u(x) as k > œ for a.e. x E€ Q. Then 
u € LP (Q; R”) and up >u in L (Q; R”) as k > coo if and only if: 

(i) for each £ > 0, there exists a 6 > 0 such that 


J lus (x) /P dx < € 
A 


forall k and every measurable subset A C Q with u (A) < 6; 
(ii) for each £ > 0, there exists a subset D CQ such that (D) < œ 


and 
J lus (a) Pda < € 
Q\D 


for all k. 
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Notice condition (ii) in Vitali’s theorem is redundant if Q is bounded. 
Let (ux) be any sequence of functions ux € LP (Q; R™) such that 


Uuk > U 


in D (Q; R”) as k — oo. Without loss of generality we may assume that 
up (x) > u (x) for a.e. x E€ Q. Clearly 


f (x, ur (x)) > f (x,u (£)), 


E N; (ur) (a) > Ny (u) (2), 


for ae. x € Q. Now, for 1 < p < œœ, conditions (i) and (ii) in Vitali’s 
theorem hold for (ux) (the Necessity Part). Then, from (5.4), we can see 
that conditions (i), (ii) in Lemma 5.2, with q instead of p, also holds for 
(Np (ux)). Thus from Vitali’s theorem (the Sufficiency Part) we obtain that 


Nj (ux) > Ny (u) 
in L4 (Q; R”). Hence Ny is continuous. m 


Remark 5.1 The inequality in (5.4) shows that Ny is a bounded operator 
from L?(0;R™) to LI(Q;R”). 


5.2 The Fredholm Linear Integral Operator 


Let X bea Banach space and 2 c RÄ an open set. A function u:Q — X 
is said to be finitely-valued if it is constant on each of a finite number of 
disjoint measurable sets Q; C Q with u(Q;) < oo and equals zero on 
Q\UOQ,;. A function u : Q — X is said to strongly measurable if there 


J 
exists a sequence of finitely-valued functions convergent in X to u(x) for 


a.e. x E Q. For any p € [1,00], we let LP (Q; X) be the set of all strongly 
measurable functions u : Q — X with |uly € L (9). 
For strongly measurable functions Egorov’s theorem is still true. 


Lemma 5.3 (Egorov) Let X be a Banach space and Q C R” be bounded 
open. If (uz) is a sequence of strongly measurable functions from Q to X, 
that strongly converges in X a.e. on NQ to a strongly measurable function 
u : Q — X, then for each £ > 0, there exists a subset Q C Q such that 
u(Q\ 2) <e and on X the convergence of up (x£) to u(x) is uniform. 
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Proof. First we note that if v : Q — X is strongly measurable then 
|v|, is measurable. Indeed, from the definition of a strongly measurable 
function it follows that there is a sequence (vk) of finitely-valued functions 
such that vz (x) — v(x) ae. on Q. Let 


mMk 
vp (2) = X Xki (T) Vki, 
i=l 


where vki € X and yz; is the characteristic function of a measurable subset 


mMk 
Oki CQ, with Oki N Nki =O for 7 At and Q = YU Qpi. Since 
i=1 


Mk 
jur (£) = X Xr: (2) |vril x 
i=1 
we have 


jv (2)lx — X xri (2) lvrilx| = Ile (©) — lvk (2)|xl 
i=1 


lv (x) — vk (x)|y — 0 as k > o. 


IA 


Hence |v|y is the limit of a sequence of measurable real functions. Thus, 
|v| is measurable. 

Of course we may assume that ux (x) — u (x) for every x € Q. By the 
above remark, since u—wu,z is strongly measurable, |u — uz|y is measurable 
and so the set {x € Q : |u(x) — ug (x)|y < £} is measurable. As a result 
the set 


OO 


A= [} {eEN: u(x) -ur (2)lx <£} 
k=j+1 
is measurable too. In addition Q; C Q; if j < i, and since uz (x) —> u (x) 
on Q, one has Q = Q;. Now 
j=l 


u = (M1 U (N2 \ W) U (Ms \ R) U...) 
= p (Q1) + u (Q2 \ Q1) + u (Q3 \ Q2) + -- 
= lim p(Q;). 
joo 
Hence lim p(Q \9;) = 0, and therefore for each 7 > 0 there is a jo such 
joo 


that 
p(Q\ Q) <1), 7 = Jo. 
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Thus for any positive integer k there exist a set Q, C Q and an index Nk 
such that 


E 
u (Q) < Jk 
1 
ju (x) — u; (x£)|%y < 5k for j > Nk, TEQ\QD,. 
Let Q = Q \ U ,. Then 
k=1 
OO OO 1 
pH (Q\') < du (%) Sed =e 
k=1 k=1 


and u,; (x) converges uniformly on Q’. m 
Using Egorov’s theorem we immediately obtain that if Q c RÄ is 
bounded open then for each u € DP (Q; X) one has 


IIT (u) — Ux | re) 79 as h- 0. (5.5) 


Here T, (u) is the translation of u by h; also recall Q, = QN (Q — h). 
For more information about the theory of functions with values in a 
general Banach space see Guo-Lakshmikantham-Liu [27] and Yosida [52]. 
Let k: Q? > R. We say that « € LP (Q; L” (Q)) if x (x,.) € L" (Q) for 
a.e. xr EQ, and the map z — K(z,.) E€ L" (Q) belongs to L? (Q; L" (Q)). 
The notation « € C (Q; L” (Q)) has a similar meaning. 


Theorem 5.2 Let QCR” be bounded open, p, q € [1,00], r € [1,00] be 
the conjugate of q, that is 1/q+1/r =1, and let k: Q? +R. Assume 


(a) if 1<p<oo then k E P(Q; L (Q)); 


(b) if p=oo then KEC (Q; L (Q)) . (5.6) 


Then the Fredholm linear integral operator A : L4 (Q; R”) > P (Q; R”) 
with kernel k given by 


A(u)()= | (enue dy (EN 


is well defined and completely continuous. Moreover, for p= oo we have 


A (L? (Q; R”)) c C (Q; R”). 
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Proof. 1) If u € L9 (Q; R”) then A (u) is a measurable function. We 
omit the details. 

2) A is well defined and bounded (hence continuous). Indeed, if u € 
LI (Q; R”) then by Hölder’s inequality we have 


a) < (f ielea av) É (f roau) s 
Hence 
(fiau Pae) <i} f, ([ rera) a} 


that is 
|A (u)lp < llr (z, Delp Mla: 


This shows that A is well defined and bounded. Of course, some changes 


have to be made in the proof if r = œ, q = œ, or p = œ. _ 
3) Let p = œ and let u € L9 (Q; R”). We show that A (u) € C (Q; R”). 
Indeed, for every x, x’ € Q, we have 


|A (u) (£) — A (u) (2’)| 


IA 
5 
O 
e 
| 
5 
E 
= 
= 


IA 
£5 
Z 
l 
ATN 
= 
l 
© 


as |x — x'| > 0. Hence A (u) is a continuous function. 
4) A is completely continuous. To prove this, let X C L4 (Q; R”) bea 
bounded set. Assume that 


jul, <m forall we X. 


We have to show that Y := A(X) is relatively compact in L? (Q; R”). For 
this we use Theorem 1.4. Firstly, 


A(w)(0)| | le @u)l le @)] dy < mik (e)l, = v @ 
for a.e. x E Q, and v € LP (Q), so (1.4) holds. Secondly, 


[ Oee 


< mjr} (K) (x,.)— « (x, D| 


IA 


ITa (A (u)) (x) — A (u) (2)! 


A 
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Here 7, (K) is the translation of k by h with respect to the first variable, 
1.€., 

1 _ Jf K(at+h,y) if c+heQ, 
ioen- 4 if c+h¢Q. 


It follows that 
[m (A (u)) — A(w)leocaqanny < m ITE (4) œ) = K (e)re 
But from (5.5) we have 
[r (k) (xz,.)— K (a, Jelien) —>0 ash—-0. 


Hence (1.5) also holds. Consequently Y is relatively compact in L? (Q; R”). 
E 


Remark 5.2 Notice if « : Q? — R is measurable, «(z,.) € L" (Q) for 
a.e. £ E Q, and the map z — |kK(z,.)|, belongs to L? (Q), then the map 
r — K (x,.) € L" (Q) is strongly measurable, and so Kk € L? (Q; L" (Q)). 


5.3 The Hammerstein Integral Operator 


Consider the Hammerstein integral operator given by 
P(u)(e) = | w(e.) fF uuly) dy (EN): (5.7) 


This operator appears as the composition of the Fredholm linear integral 
operator A of kernel « with the Nemytskii operator Ny associated to f, 


that is 
T = AN;. 


Theorem 5.3 Let Q c RY be open, k : Q? > R and f : Q x R” > 
R”. Let p € [1,co], q € [1,œ0) and let r € (1,00] be the conjugate of 
q. Assume that the Fredholm linear integral operator A : L4 (Q; R”) > 
LP (Q; R”) of kernel x is well defined and completely continuous. In addition 
assume that f is a (p,q)-Carathéodory function. Then the Hammerstein 
integral operator T : LP (Q; R”) — LP (Q; R”) given by (5.7) is well defined 


and completely continuous. 


Proof. From Theorem 5.1, the Nemytskii operator Ny is well defined, 
bounded and continuous from L? (Q; R”) into L4 (Q; R”). Now the conclu- 
sion follows from Theorem 2.1, since T = ANp. m 
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Remark 5.3 According to Theorem 5.2, if Q is bounded and (5.6) holds 
for k, then A is well defined and completely continuous; moreover, in this 
case, for p = co, 


T (L® (Q; R”)) c C (Q; R”), 
and so any fixed point of T belongs to C (Q; R”) . 


5.4 Hammerstein Integral Equations 


This section presents a very general existence principle for both L? solutions 
and continuous solutions to the Hammerstein integral equation in R” 


u(x) = [ensue dy ae.onQ. (5.8) 


Here Q c R“ is an open set. For a given p € [1,00], we seek a weak 
solution, that is a function u € LP (Q; R”) which satisfies (5.8) for almost 
every x € Q. In addition, we look for solutions in U, where U is a bounded 
open set of LP (Q; R”) containing the null function. 


Theorem 5.4 Let QC R™ be open, k: Q? >R and f:Qx R” — R”. 
Assume that there exist p € [1,oo], q € [1,00) such that the Fredholm 
linear integral operator A : LI (Q; R”) > LP (Q; R”) with kernel k is well 
defined and completely continuous and f is (p,q)-Carathéodory. In addition 
assume that there exists a bounded open set U C DP (Q; R”) containing the 
null function, such that 


u € U (5.9) 


for any solution u€ U to 


u(x) = A | Klen) f uuo) dy a.e. on Q, (5.10) 


for each A € (0,1). Then (5.8) has a solution in LP(Q;R") with we U. 


Proof. Apply Theorem 4.1 to K = X = L (Q; R”) with norm |.|,, uo 
the null function, and T : U > L (Q; R”) given by 


T (u) (2) = f senfu) (z 2). 


This operator is completely cortinuous by Theorem 5.3. m 
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Remark 5.4 If Q is bounded and (5.6) holds for «x, then the Fredholm lin- 
ear integral operator A of kernel « is well defined and completely continuous 
from L4 (Q; R”) to LP (Q; R”); in this case, for p = co the solutions of (5.8) 


are continuous functions on Q.. 


Corollary 5.1 Let Q c R™ be a bounded open set, k : Q? — R and 
f:QxR" — R”. Assume that there exists p € {1, oo], q E€ [1,00) such that 
kE L (Q, L" (Q)) (1/r+1/q=1), f is (p,q)-Carathéodory and 


(a) if 1<p<co then (lgl, +cR?/3) || (2, Jirlp < Ri 


P= (5.11) 
(b) if p=oo then [Irla Ie (x, -Jll < E- 
Here g, gr and c are those from Definition 5.2. In addition, if p = 
co assume that the Fredholm linear integral operator A : L9 (Q; R”) —> 
L® (Q; R”) with kernel k is completely continuous. Then (5.8) has a solu- 
tion u € LP (Q; R”) with |u|, < R. 


Proof. Let 
U = fu E L (Q; R”): ful, < R} 


and B=U. Let u € B be any solution of (5.10) for some  € (0,1). Then 


AN 


lu(x)| < af ie EDE u dy 


< A f Ie (æv) (ov) + elu P) du 
< a( firea) (f (oo teuo) aw) 
< A (lola + elu!) le (es Dl 


It follows that 
july < A (lglg + c lul?) Ile (25 )lelp- (5.12) 


Since |u|, < R and \ <1, (5.11) and (5.12) guarantee |u|, < R, i.e., (5.9). 
Similar estimations can be obtained if p= oo. m 

We note that in fact (5.11) implies T (B) c B. So Corollary 5.1 can be 
directly derived from Schauder’s fixed point theorem. 

As in Section 4.2, a better result holds when « is the Green’s function 
of a certain differential operator, with respect to some boundary conditions. 
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For instance, for the equation in R” 


1 
u(2)= [ew Fuu@))ay ac. on (01), (513) 
the following existence theorem is true. 


Theorem 5.5 Let k be the Green’s function of the differential operator 
—u"+u with respect to one set of the homogeneous Dirichlet, Neumann, or 
periodic boundary conditions 


u(0)=u(1) =0 (Dirichlet), 
u' (0) =u (1) =0 (Neumann), 
u (0) — u (1) = u’ (0) — u’ (1) =0 (periodic conditions) . 


Assume that f : (0,1) x R” — R” is a (œ,q)-Carathéodory function for 
some q € |1,oo). In addition, assume that there exists R > 0 such that for 
every z E R” with |z| = R, one has 


(2, f (uz) < R? for a.e. y € (0,1). 
Then (5.13) has a solution u € W?4 (0,1; R”) with jul, < R. 


For any real number 1 < q < oo the Sobolev spaces W™4 (a, b; R”) 
(m € N\{0}) are inductively defined as follows. A function u belongs 
to W14 (a,b; R”) if it is continuous on [a,b] and there exists a function 
v € L4 (a,b; R”) such that 


u (t) = u(a)+ | u(s)ds, tE [a,b]. 


It is clear that if u € W1 (a,b; R”) then u is absolutely continuous on 
[a,b] (note that any absolutely continuous function u : [a,b] — R” is 
differentiable almost everywhere on [a,b] and u’ € Li (a,b; R”)), w € 
L4 (a,b; R”) , and 


Furthermore, for any integer m > 1 


u € W™3 (a,b; R”) if u, u! eW™14(a,b6;R”). 
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If u € W™4 (a,b; R”), then u € C™1([a,b];R”), ul") is absolutely 


continuous on [a,b], 
/ 
uh) += (um) ) E€ L? (a,b; R”), 


and 


t 
ul™—1) (t) = uY (a) + / ul (s)ds, t€ [a,b]. 


a 


The space W™4 (a,b; R”) is a Banach space with the norm 


Ung = max f [ul ; j=0,1,..., m). 
i q 


For more information about the theory of Sobolev spaces we refer the reader 
to Brezis [6]. 


5.5 Volterra-Hammerstein Integral Equations 


We conclude this section by some results on equation (5.8) in the Volterra 
case. More exactly, we consider the Volterra-Hammerstein equation in R” 


u (t) = f k (t,s) f (s,u(s))ds a.e. on (a,b). (5.14) 


This equation can viewed as a special case of equation (5.8), where Q = (a,b) 
and 
K(t,s)=0 for t<s. 


The existence of solutions to (5.14) can be established without condition 
(5.11). 


Theorem 5.6 Let (a,b) be a bounded real interval, K : (a, b)? > R and 
f :(a,b)xR" — R”. Assume that there exists p € [1,00) and q € [p,oo)N 
(1,00) such that k € L? (a,b; L"(a,b)) (1/q+1/r=1) and f is (p,q)- 
Carathéodory. In addition assume that if q = p, then there exists an r’ >r 
such that 

K(t,.) € L” (a,b) for a.e. t € (a,b), and 

the map tr-— |kK(t,.)|,, belongs to LP (a,b). 


r’ 


Then (5.14) has a solution u € L (a,b; R”). 
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Proof. First assume p < q. Then there exists R > 0 with 
(lola + cRP!4) Ils (tiny < R 


and the conclusion follows from Corollary 5.1. 
Next, assume p = q > 1. We shall apply Theorem 5.4 to 


U = {u € I? (a,b; R”) : [ull < R}, 


any number R > 0 and a suitable equivalent norm ||.|| on L (a,b; R”). 
Let u € L? (a,b; R”) be any solution of 


t 
u(t) = a f k (t,s) f (s,u(s))ds a.e. on (a,b), (5.15) 
for some A € (0,1). For any 0 > 0 we have 


ul < Xf ENEO +elu(s))) ds 


IA 


t 
a f Ik (t, s)| e°% (9 (s) + clu (s)| e(s-2) | ds. 


Define an equivalent norm ||.|| on L? (a,b; R”), by 


Jul] = ([ (Iu (s) ct)? as) 


1/p 


Since 


Holder’s inequality applied to three functions yields 


p OUy, (r'—r)/(rr’) 
u(t)| < A ( f k(t, S)" ds) ( f g8" (s-a)/(r Das) 
b 1/p 
x (| (9 (s) + c |u (s)| He)" as) 


L pA Waren" 
< a(i + elel) (5) 


It follows that 


e? t-a) lic (t, .) |v. 


w L pN =n) (ore! 
jul <à (ol, + elel) (5) 
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Now we choose 0 > 0 such that 


(oven) (Ses 


Then, since A < 1, |/u|| < R and Theorem 5.4 applies. m 
For p = œ a better result can be established. 


le t, ly < R 


) (r'—r)/(rr') 


Theorem 5.7 Let (a,b) be a bounded real interval, k : (a,b)? + R and 
f: (a,b) x R” — R”. Assume that f satisfies the Carathéodory conditions, 
there exist a, B € (1,c0], y € [1,00) with œ < B (1/a+1/œa' =1) and 
1/a+1/6+1/y = 1, 6 € L® (a,b), and a continuous nondecreasing function 
w : (0,00) — (0,00) such that 


KE L” (a, b: LÔ (a, b) ) , 


If (s,2)| < ¢ (s) Y (lz), 


for a.e. s € (a,b) and all z E R”, and 


y % 1 
k(t, Jlo] lla] @-a < | — do. 5.16) 
lle Jel, la] C- TF ( 
In addition assume that the Fredholm linear integral operator A with ker- 
nel k is is well defined and completely continuous from Le (a,b; R”) to 
C ({a,b];R”) (1/86+1/8' = 1). Then (5.14) has a solution u € C (a, b]; R”). 


Proof. We shall apply Theorem 5.4 with p = œo, any finite q satisfying 
B'<q<a (1/6+1/6'=1), and 


U = {u € L” (a,b; R”) : Julo < B} 


with a suitable radius R > 0. Let us show that such an R can be found so 
that condition (5.9) holds. 

Let u € L” (a,b; R”) be any solution of (5.15) for some A € (0,1). 
Then u € C ([a,b] ; R”) since A has values in C ([a, b] ; R”). Using Hölder’s 
inequality, we obtain 


IA 


u(t] < A / Ik (t, 8) Ø (8) % (|u(s)|”) ds 


1/7 


IA 


Abe(t Ip lola ( f PP ds) 
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Hence 
u) < e(t), 
where ; 
c(t) = [Alle dls], la] (f pon as). 
From 


e (s) = fà lle €, Jal lola] Y MOPY 
< fafie la| Ila ¥(e(s))”, 


by integration from a to t, we obtain 


Od do = [te 


(00) 


o voy Y (e (8) 
< falie Is] ldla] (6-4) 
< [lie e| ldla] @-a) 


This together with (5.16) shows that there exists an R > 0 independent of 
A, with 
c(t) < R for allt € [a,b]. 


Thus |u(t)|< R on [a,b]. m 
As a consequence we have the following global existence result for the 
Cauchy problem 


| “Ole (5.17) 


Theorem 5.8 Let (a,b) be a bounded real interval and f : (a,b) x R” — 
R”. Assume that f satisfies the Carathéodory conditions, there exists a € 
(1, co], y € [1,00) with 1/a+1/y=1, ọ € L“ (a,b), and a nondecreasing 
continuous function p : (0co) — (0,00) such that 


If (s,2)| < 6(s) ¥ (21°) 
for a.e. s € (a,b) and all z E R”, and 
1 (b— "l q 
oze-a< | say” (5.18) 


Then (5.14) has a solution u € Wi (a,b; R”). 
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Proof. Apply Theorem 5.7 with 6 = co and «(t,s) = 1 for s <t, 
k (t,s) =0 for t < s. Notice the Fredholm linear integral operator A is now 
given by 


and is completely continuous from Lt (a,b; R”) to C ([a,b]; R”). m 

The results in Sections 5.4-5.5 are presented here for the first time. We 
have adapted here some ideas from the papers of O’Regan—Precup [36], [38], 
[39]. For similar results and extensions to equations and inclusions in Banach 
spaces, see Couchouron—Precup [17]. 

For other methods, results and applications in nonlinear integral and 
integro-differential equations, see the papers Appell—DePascale—-Nguyén— 
Zabreiko [2], Appell-Vignoli—Zabreiko [3], Brezis~Browder [7], Browder [9], 
Bugajewski-Szufla [10], Burton [12], Couchouron—Kamenski [16], Papageor- 
giou [41], Petrusel [43], and the monographs Agarwal—O’Regan [1], Barbu 
[4], Burton [11], Corduneanu [14], [15], Deimling [18], Guo-Lakshmikantham— 
Liu [27], Krasnoselskii [30], Rus [48] and Vath [51]. 


Part II 


VARIATIONAL METHODS 


Chapter 6 


Positive Self-Adjoint 
Operators in Hilbert Spaces 


In this part we present some variational methods with applications to the 
existence of L? solutions of the Hammerstein integral equation in R” 


u(a)= | (zu) fuul) dy ac. on Q (6.1) 
We show that this equation can be put under the variational form 
E" (u) = 0. 


The construction of the functional E associated to equation (6.1) is based 
on the theory of positive self-adjoint linear operators in Hilbert spaces. 
The purpose of this introductory chapter is to present some definitions 
and results of this theory that will be required in what follows. We define 
the notions of adjoint operator, self-adjoint operator, positive operator, and 
square root of a positive self-adjoint linear operator. As an application 
we shall deal with bounded linear operators A: L4 (Q; R”) > D (Q; R”), 
where 1/p+1/q = 1. The goal is to split such an operator in the form HH*, 
where H : L? (Q; R”) > L?(Q;R"”) and H* is the adjoint of H. When A 
is the Fredholm linear integral operator of kernel «x, such a representation 
is useful in order to transfer the operator equation equivalent to (6.1) from 


the Banach space L? (Q; R”) to the Hilbert space L? (Q; R”). 


6.1 Adjoint Operators 


Let X bea Hilbert space, Y a Banach space, and Y* the dual of Y. We 
shall denote by (.,.) both inner product of X and duality between Y and 
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Y*, i.e., the bilinear functional on Y* x Y, defined as (v*,v) = v* (v) for 
allve Y and v* e Y*. 


Proposition 6.1 For each bounded linear operator A: X — Y there exists 
a unique bounded linear operator A*:Y* — X such that 


(v*, A (u)) = (A* (v*) ,w) (6.2) 
forall uc X and v* € Y*. 


Proof. For any fixed v* € Y* define a bounded linear functional f : 
X —R, by f(u) = (v*, A (u)). According to Riesz’ representation theorem 
there exists a unique w € X such that f (u) = (w,u) for all u € X. Define 
A* (v*) = w. From (6.2), since A is linear and continuous, it immediately 
follows that A* is a continuous linear operator. & 


Definition 6.1 The operator A* given by Proposition 6.1 is called the 
adjoint operator of A. 


Definition 6.2 A bounded linear operator A: X — X is said to be self- 
adjoint if A = A%*, i.e., 


(v, A(u)) = (A (v) ,u) 
for all u,v € X. 
Proposition 6.2 If A: X — X is a self-adjoint operator, then 
|A| = sup {|(A (u) ,u)| : [u] = 1}. (6.3) 
Proof. By definition, the norm of the operator A is given by 

|A| = sup {|A (u)| : [ul < 1}. 
For any u € X with |u| < 1, we have 

(A (u) ,u)| < |A (u)| [ul < JA]. 


Then, if we denote y = sup {|(A (u), u)| : Ju] =1}, we have y < |A|. To 
prove the converse inequality we first note that for every u E€ X one has 


(A (u) u| < y lul. 
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Then since 


we obtain 
(A), o) < F (lu +v + pu = ol?) = 2 (lu? + lP). 


If we choose 
jul 


-A (u)| 
we deduce that |A (u)| < y|u|, which is also true if A (u) = 0. Hence 
|A| < y, and so |A| = y. m 


A(u) (for A (u) #0), 


U 


Definition 6.3 A linear operator A: X — X is said to be positive (A > 0) 
if (A(u),u) > 0 for all u € X. 


Proposition 6.3 If A: X — X is a positive self-adjoint operator, then 
(A (u), v)? < (A (u) u) (A (w), v) 

forall u, vE X. 

Proof. A being positive, one has (A (u + tv), u + tv) > 0, that is 

t? (A (v), v) +t[(A (u), v) + (A (v), u) + (A(u),u) > 0 
for all t€ R. Since A is self-adjoint this yields 
t? (A (v), v) + 2t(A(u),v) + (A (u), u) > 0 
for all t € R. Consequently 
(A (u), v)? — (A (u) ,u) (A (v), v) <0 

and the proof is complete. E 

If A and B are two linear operators from X into X we say that 


A< B if B— Ais a positive operator. From (6.3) we deduce that if A, B 
are self-adjoint then 


0<A<B implies |A| < |B|. 
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Proposition 6.4 Let (Az) be a sequence of positive self-adjoint operators 
A, : X — X and let B: X — X be a bounded linear operator. Assume 
that 

Ay < Agyi < B 


forall ke N. Then for every u € X the sequence (Ap (u)) is convergent 
to some element A (u), and the operator A: X — X defined in this way 
is positive, self-adjoint, and satisfies 


Ap <A<B, keN. 
Proof. For every k € N, we have 
0 < (Ag (u) ,u) < (Arp (u),u) < (B (u) ,u). 


Hence the sequence of real numbers (Ap (u),u) is convergent. We shall 
prove that (A, (u)) is a Cauchy sequence. Indeed, for i < j one has 
A; — A; > 0, and from Proposition 6.3 we obtain 


(Aj — Ad) (It = ((Ay - Ai) (u), (4; — AD) (u)? 
< ((4; — Ai) (u) u) ((Ay = Ad)? (u) , (4; — Ai) (u)) 
(A; — Aa) (W)? |A; — Ail (4; (u) ,u) — (4; (u) ,u)]. 


IA 


From 0 < A; — A; < B, we have |A; — A;| < |B|. Then 
|A; (u) — A; (u)? < |B| [(Aj (u) ,u) = (Ai (u) ,u)]. 


Hence the sequence (A, (u)) is Cauchy and so convergent. The rest of the 
proof is left to the reader. m 


6.2 The Square Root of a Positive Self-Adjoint 
Operator 


Definition 6.4 Let A : X — X be a positive self-adjoint operator. A 
positive self-adjoint operator B : X — X is said to be the square root of A 
if B? = A. 


Proposition 6.5 For each positive self-adjoint operator A the square root 
B erists and is unique. Moreover, if A is completely continuous B is 
completely continuous too. 
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Proof. 1) Existence. We may assume without loss of generality that 
|A| = 1. Then A < I, where I is the identity map of X. We define the 
operators Bg : X — X for k> 2 by B =0, and 


Brat = Bk + = = (A- Be), (6.4) 
for k = 2,3,.... We easily check that By, is self-adjoint, 
B;B; = BB, 
1 > 1 
I — Bk = 5 T Be) +5 (- A) 


and 


Bri — Bk = = [(I — Br-1) + (I — Br)] (Bk - Br-1)- 


1 
2 
It follows that 

Bk <I, By < Bri 


for all k € {2,3,...}. In particular, By > 0 since By = 0. By Proposition 
6.4, there exists a positive self-adjoint operator B with 


B (u) = lim B; (u), ue X. 
Letting k — oo in (6.4), we obtain 
B=B+- = (A- B°), 


whence B? = A. 

2) Uniqueness. First note if Bo is positive, self-adjoint, and Bè = 
A, then ABoọ = BoA. By induction, using (6.4) we obtain that B,Bo 
BoB, whence letting k — oo, BBo = BoB. Now let u € X and v = 
(B — Bo) (u). We have 


(B(v),v) + (Bo(v),¥) = 


| 


((B + Bo) (v) ,v) 

((B+ Po) (B — Bo) (u) ,v) 
((B? — Bo) (u) ,») 
0. 


Since B, Bo > 0, we may infer that 


(B (v) ,v) = (Bo (v) ,v) = 0. 
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On the other hand, since B is positive and self-adjoint there exists a positive 
self-adjoint operator Bı with B = B2. From 


|B: (v)? = (Bi (v) ,v) = (B (v) ,v) =0, 


it follows that Bı (v) = 0 and so B(v) = Bı(Bı(v)) = 0. Similarly 
Bo (v) = 0. Hence 


|B (u) — Bo (u)? = ((B — Bo)? (u) ,u) = ((B = Bo) (v) ,u) = 0. 


Thus B (u) = Bo (u) for any u € X. Therefore B = Bo. 

We shall denote by A‘/? the square root of A. 

3) Complete continuity. Assume A is completely continuous and let (ux) 
be any bounded sequence of elements of X. Then there exists a subsequence 
(ux, ) of (up) such that (A (ux, )) is convergent. Using the identity 


2 


Av? (u) — A1? (v)| = (u — v, A (u) — A(v)), 


we deduce that the sequence (AY 2 (ux, )) is Cauchy, hence convergent. 
Hence A!/? is completely continuous. m 


6.3 Splitting of Linear Operators in L? Spaces 


In this section we establish the possibility of representing certain linear op- 
erators A: L4 (Q; R”) > L (Q; R”) (1/p + 1/q = 1) in the form 


A= HH", 


where H : L? (Q; R”) > L (Q; R”) and H* is the adjoint of H. 
The presentation in this section was adapted from the book of Kras- 


noselskii [19]. 
Assume 2 cC R is a bounded open set. Recall that for 2 < p < po, 
one has 


L” (Q; R”) c P (Q; R”) c L? (Q; R”) C L1 (Q; R”) c LY (Q; R”) 
where q, go are the conjugate exponents of p and po, respectively. 


Theorem 6.1 Let 2 < po < œ, 1/po + 1/qo = 1 and A: L® (Q; R”) —> 
LP (Q; R”) a bounded linear operator. Assume that the restriction of A 
to L (Q;R”), ie., A: L (Q; R”) — L? (Q; R”) is a positive self-adjoint 
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operator. Then for each p € [2,po) the operator A\/? : L? (Q; R”) > 
L? (Q; R”) satisfies 


A’? (L? (Q; R”)) c L (Q; R”) 
and the operator 
H : L? (GR”) > LP (GR”), H (u) = A"? (u), 


is bounded (equivalently, continuous). If in addition, A : L? (Q; R”) — 
L? (Q; R”) is completely continuous then H is also completely continuous. 


Proof. 1) Let u € L? (Q; R”). Let us consider the sets 
Qo = fz EQ: A? (w) (x) < 1} : 
Q; = fz EQ: 27 < |a"? (u) (2) < 2 
for j = 1,2,.... Let wi : Q — R” be given by 


i (t) = l sign (A!/? (u) (x)), if z E Qj, 
i = 1,2, ...,n. We have 


-u(y < | (A (u) @),w (@)) de 


(aro), 
(8), 


< ful, |A"? (w!) 


| 


| 


2 


= ul, (A (w7) w) 
Also 
(A (w!) w), < JA C) lpo lgo $ lAo [e lio SP Alo v (9); 


Here |A|, stands for the norm of A as an operator from L® (Q; R”) to 
L” (Q; R”). It follows that 


2-14 (Q) < vn lula [A13 u (Q 
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whence 


u (Qj) < e279, where c= (2v lul Al?) 


Then 
h |A"? (u) ( P dr < c2 (P—Po) 


(j =1,2,...). For 7 =0, since p> 2 one has 


hh, hh, 
[ AY? (u) w| dz 


(A (u) ) U)o 
|A lulz. 


Al/? (u) (£)| dz 


IA 


f 


Al? (u) (x) f dx 


Il IA 


lA 


Consequently 


f |a? (u) (2) |" dz =- 3 [ | AY? (u) (x) 


|A| lul? 4 cS 2 (P-o) 
j=1 
9P—Po 
1 — 2P-Po 
c 
Qpo-P — 1 


IA 


|A] ula + c 
2 

= |A| |u| + 

< œ. 


Hence A!/? (u) € LP (Q; R”) and 


> c 1/p 
Hops (Mehta) 


which shows that H is a bounded operator. 

2) Assume A is completely continuous as operator from L? (Q; R”) to 
L? (Q; R”). Then by Proposition 6.5 A'/2 is also completely continuous 
from L?(Q;R”) to L? (Q;R”). The complete continuity of H now follows 
from the next lemma. 


Lemma 6.1 Let p > 2 and let Y C LP(Q;R"”) be relatively compact in 
L? (Q; R”). If for each £ > 0 there exists a ôs > 0 such that 


J ju (x)|P dz < eP (6.5) 
D 


Positive Self-Adjoint Operators 93 


forall ue Y and D CQ with (D) < ô, then Y is relatively compact 
in LP (Q; R”). 


Indeed, if Z c L? (Q;R”) is any bounded set then Y = H (Z) c 
LP (Q; R”), is relatively compact in L? (Q; R”), and for every u € Z we 


have 
[mera = | |H (u) (x)/? dz 
Po (ueu. -U Qjo) 
+ 3 hona x)|? dz 
j=jo+1 
< 2Pu(D)+ co E 25(P—=p0), 
j=jo+1 
where 


co = sup { (2v lula ABP) uez}, 


For jo large enough we have 


3 oj (p—po) <= 


j=jo+1 


and setting ôe = €P 2-!~J0P, we see that Y satisfies (6.5). Hence by Lemma 
6.1 H (Z) is relatively compact in L” (Q; R”) and the proof of Theorem 
6.1 is complete. m 

Proof of Lemma 6.1. By Hausdorff’s theorem it sufficies to show 
that for each € > 0 there exists in DP (Q; R”) a relatively compact e- 
net for Y. To this end, for each a > 0, we consider the set of functions 


Ya = {ua : u E Y}, where 


a) For each € > 0 there exists a sufficiently large a > 0 such that Ya 
is an e-net in L? (Q; R”) for Y. Indeed, let ôe be such that (6.5) holds for 
all ue Y and DCQ with (D) < ðs. For any u € Y we let 


Qu = {r EQ: ju(x)| >a}. 


94 Chapter 6 


Then, if u (Qu) < de, we have 


ju — ual, = g u 


[L E. 


iz) ” (6.6) 


lA 
TTN 
5 
e 
— 
O 
T3 
Qu 
8 
Ny 
m 
NS 
3 


Let r be such that |u|, <r for all u € Y. Then 


a p (Qu)? < ( J u (a)? dr) -_ ( [ lu (2)? de) er. 


Hence u (Qu) < (r/a)?. Now choose a > 0 such that (r/a)* < ôe. Then 
H (Qu) < ôs, and so (6.6) holds. 

b) Now we show that Y, is relatively compact in D?(Q;R”). Since Y 
is assumed to be relatively compact in L? (Q; R”), for a given £ > 0 there 
exists in L? (Q; R”) a finite e-net for Y, say {u',u?,...,u}. We claim that 
the set 

{ur u2, ..., um} 


is a (2a)1-2/P e*/P_net in LP (Q; R”) for Y,a. Indeed, 
1 NP 1/p 
2a ‘| (5. Jua — ul) ic} 
Q 2a 
2 1/p 
2a J 1 [u — u? | dx 
a Q 2a 


< (2a)!~?/P g2/P 


J 
u — už | 
[ua aip 


A 


for any j € {1,2,...,m} with ju — uil, < €. This completes the proof of 
Lemma 6.1. m 


Theorem 6.2 Under the assumptions of Theorem 6.1, for each p € [2, po), 
the operator A : LI (Q; R”) — LP (Q; R”) (1/p+1/q¢=1) can be repre- 
sented in the form A = HH*, where H : L? (Q; R”) — L (Q; R”) isa 
bounded linear operator and H* is the adjoint of H. 


Proof. Observe that the restriction of H* to L? (Q; R”) coincides with 
A!/2. Hence 
H H*|r2(Q;R») = AN? Al? = Al12(9;R”) 
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Finally, use the density of L? (Q; R”) in L7(Q;R”). m 
Now let us return to the Hammerstein integral equation (6.1) and assume 
that the the operators 


Ny: P (Q; R”) — L1 (Q; R”), Nz (u) (x) = f (x,u (x)) 
and 


A: IA (GR") > LP (GR), A(u)(z)= | (eu) uv) dy, 


where 1/p+1/q = 1, are well defined and A admits a representation in the 
form A = HH*, where H : L? (Q; R”) — L? (Q; R”) is a bounded linear 
operator and H* is the adjoint of H. 

Solving (6.1) in L? (Q; R”) is equivalent to solving the operator equation 


u=AN;(u), we P (Q; R”). -= (6.7) 


The next proposition allows us to replace the operator equation (6.7) in the 
Banach space L? (Q; R”) by the operator equation 


v = H*N;H (v), veL (Q; R”) (6.8) 
in the Hilbert space L? (Q; R”). 


Proposition 6.6 If u € LP (Q;R”) solves (6.7) then v = H*N;(u) is 
a solution of (6.8). Conversely, if v € L? (Q; R”) solves (6.8) then u = 
H (v) is a solution of (6.7). Moreover, there is a one-to-one correspondence 
between the solutions of (6.7) and the solutions of (6.8) . 


Proof. 1) Assume that u € LP (Q; R”) solves (6.7) and let v = 
H*Nş (u). Then 


H*N;H (v) = H*N;HH*N; (u) = H* N; AN; (u) = H* N} (u) = v. 


Hence v is a solution of (6.8). 
2) Assume now that v € L? (Q; R”) solves (6.8) and let u = H (v). 
Then 
AN; (u) = AN;H (v) = HH*N;H (v) = H (v) = u. 
Hence u is a solution of (6.7). 
3) Let S1, S2 be the sets of all solutions of (6.7) and (6.8), respectively. 
For any u € Sı, one has 


HH*Nş (u) = ANs (u) = u, 
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and for any v € So, 
H*N+;H (v) =v. 


These show that the map H : Sy — &ı is invertible and its inverse is H* Ny. 
Thus there is a one-to-one correspondence between the solutions of (6.7) 
and the solutions of (6.8). m 

In what follows we deal with the operator equation (6.8) in L? (Q; R”). 
The main idea is to build a functional E : L? (Q; R”) — R whose Fréchet 
derivative E’ is I—H*N;H. Thus the equation (6.8) can be written in the 
variational form 


E’ (v) =0 


and its solutions appear as critical points of E. By a variational method for 
(6.8) we mean any technique for proving the existence of critical points of 


E. 


Chapter 7 


The Fréchet Derivative and 
Critical Points of Extremum 


In this chapter we present the notion of Fréchet derivative of a functional 
and we illustrate it by some examples. Then we build a functional E : 
L? (Q; R”) — R whose Fréchet derivative is the operator 


I — H*N;H: L? (Q;R") > L (Q; R”) 


associated to (6.8). We prove the infinite-dimensional version of the classi- 
cal Fermat’s theorem about the connection between extremum points and 
critical points, and we give sufficient conditions for that a functional admits 
minimizers. The abstract results are then applied to establish the existence 
of L? solutions for Hammerstein integral equations in R”. 


7.1 The Fréchet Derivative. Examples 


Let X be a Banach space, U C X an open set, E : U — R a functional, 
and u E€ U a given point. 


Definition 7.1 1) The derivative of E in direction v € X at u is defined 
as 


lim t7! (E (u + tv) — E(u)) 


t—0+ 
if this limit exists. 
2) E is said to be Géteauz differentiable at u if there exists an F’ (u) € 
X* such that 
(E’ (u) ,v) = lim t7* (E (u + tv) — E(u)) 


t—0+t 
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for all v € X. The element F” (wu) is called the Gâteaur derivative of E at 
u. 

3) E is said to be Fréchet differentiable at u if there exists an E’ (u) € 
X* such that 


E (u + v) — E (u) = (F' (u) ,v) +w (u,v) (7.1) 


and 
w (u,v) 


w (u,v) =0(|v|), i.e, — 0, (7.2) 


[vl 
as v — 0. The element F” (u) is called the Fréchet derivative of E at u. 

Remark 7.1 More generally, one can define the Fréchet derivative at u of 
a map E from an open subset containing u of a Banach space X to the 


Banach space Y as a bounded linear operator E’ (u) from X to Y for 
which (7.1) and (7.2) hold as v — 0. 


We note that if E is Fréchet differentiable at a point u then E is 
continuous at u. This immediately follows since 


|E(u+v)— E (u)| < |E' (u)| el + [w (u,v) < (E(w) +1) le] (7.3) 


for |u| < 6. Here 6 > 0 is such that (7.1) and 


hold for all v € X with |u| < ô. 

We say that the functional E is Gâteaux (Fréchet) differentiable in a 
subset D of U, if E is Gâteaux (respectively, Fréchet) differentiable at any 
point u € D. 


Proposition 7.1 If E is Gâteauz differentiable in an open neighborhood V 
of u and E’: V — X* is continuous at u, then E is Fréchet differentiable 
at u and the two derivatives at u coincide. 


Proof. Let r € (0,1] be such that B, (u) C V. Since E’ : V > X* is 


continuous at u, for every £ > 0 there exists a ô € (0,r] such that 
|E’ (u + tv) — E’ (u)| <e for |v] <6, |t| <1. (7.4) 
On the other hand, for each v € B, (0) the function 


t € [0,1] — (E’ (u + tv), v) 
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is the derivative of the function 
g(t) = E (u+ tv) (te [0,1)). 


Consequently 


1 
/ (E' (u + tv) ,v) dt = g (1) — g (0) = E (u + v) — E(u). 


1 
w (u,v) -| (E' (u + tv) — F' (u) ,v) dt. 


From (7.4), for all v € Bs (0) we have 


1 
lw(u,v)| < J |E' (u+ tv)- E (u)| v| dt 
< ewl. 


Hence w (u,v) = o(|v|) as v — 0. Then, (7.5) shows that F’ (u) is the 
Fréchet derivative of E at u. m 

We say that E e Ct (U) if E is Fréchet differentiable in U and its 
Fréchet derivative E’ : U — X* is continuous. Equivalently, in view of 
Proposition 7.1 E €e C! (U) if E is Gâteaux differentiable in U and its 
Gâteaux derivative E’ : U — X* is continuous. 

We say that E €e C! (U) if E € Ct (U) and E, E’ can be extended 


continuously to U. 


Example 7.1 Let X = RN, Q c R^ open, and E : Q — R. If E is 
differentiable in a neighborhood of a point x € Q in the classical sense, and 
its partial derivatives OF /Oz;, i = 1,2, ..., N, are continuous at z, then E 
is Fréchet differentiable at x and its Fréchet derivative coincides with its 
gradient, that is 


OE (a), SE (0), on 2 (a) 
Ox ’ Ore O? Orn l 
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Example 7.2 Assume X is a Hilbert space and 
1, 2 
E (u) = 5 lul (ue X). 


Then E € C! (X) and 
(E' (u), v) = (u,v), vEX. 


Indeed, for every u, v € X we have 
1 2 1, 2 t* 9 
E(u+tv)— E(u) = 5 lu + to ~ 5 [ul =t(u, v) + > |v . 


Hence 


lim t~! (E (u + tv) — E(u)) = (u,v). 


t—0+t 


Example 7.3 Let X be a Hilbert space, Y a Banach space, H: X >Y a 
bounded linear operator, and J : Y — R Fréchet differentiable in Y. Then 
the functional JH : X — R is Fréchet differentiable in X and 


(JH) = H*J'H. 


Here again H* is the adjoint of H. Indeed, for every u, v € X, since J is 
Fréchet differentiable in Y, one has 


JH (u+v)—-JH(u) = J(H(u)+H(v)) —J(H (u)) 
= (J' (H (u)), H (v)) +w (H (u), A (v)) 
(H*J'H (u) ,v) +w (H (u) ,H (v)) 


and 
oH) H O) o 
|H (v)| 
for |H (v)| — 0. Now the conclusion follows since H (v) — 0 as v — 0 and 
w (H (u), H @))| _ lo (Au), H (v))| |H w) 
jv |H (v)| jv 
w (H (u), H (v))| 
< THO 


Example 7.4 Following the ideas from Krasnoselskii [19] and using Theo- 
rem 5.1 we can prove: 
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Theorem 7.1 Let Q C R™ be an open set, p € (1,00), q the conjugate 
exponent of p, and F : Q x R” — R a function with F(z,0) = 0 on 
Q. Assume that F(.,z) is measurable for all z € R” and F(z,.) is 
continuously differentiable for a.e. xE Q. Let f:QxR”" — R” be defined 


as 


f (z,.) = VF (2,.) (7.6) 


and assume f is (p,q)-Carathéodory. Then the functional J : LP (Q; R”) — 
R given by 


belongs to C! (LP (Q; R”)) and 
J= Nf, 


that is 
(T) = f WEN (u) (@)) de = | (2), f (2u (@))) aa 
for all v € LP (Q; R”). 


Proof. For every u,v € LP (Q;R”) define the measurable function 
uwv : Q — [0,1], b 


Ou vy (2) inf{t € [0,1] : F (x,v (x) + u(z)) 
—F(z,u(z)) = (u(z), f (x,v (£) + tu(z)))}. 


Then since F (z,0) = 0, 


|J (u)| 


IA 


J IF (,u(zx))| de (7.7) 
[ lu (2)| |f (22, buo (£) u (2))| dz 


uly INy (uo 4g < 0%. 


IA 


lA 
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Thus J is well defined. On the other hand, 
T(utv)—J(u) = [Feu +v(z)) — F(2,u(2))] dz 
- J (v(x), Ny (u + 0u uv) (2)) dz 
J OE) Ny) (2) de 


+ (v (x), Nz (u + u uv) (x) — Nz (u) (x)) dx 
Q 
= (Nz (u), v) +w (u,v). 


Here 
w (u,v) = J (v (x), Nz (u + bs uv) (x) — Nz (u) (x)) dz. 
We have 
lw (u, v)| < lvl, [Np U + bv,uv) — Nz (u)I, 


whence 


——— — 0 asv—QJ), 


since by Theorem 5.1 Ny is continuous. Thus J’(u) = Ny(u). m 


w (u,v) 
“lp 


Definition 7.2 A function f : Q x R” — R” for which there exists F : 
Q x R” — R such that F (2,0) =0 ae. on Q, F'(.,z) is measurable for 
each z € R”, F (x,.) is continuously differentiable and (7.6) holds for a.e. 
x E€ Q, is said to be of potential type. In this case F is called the potential 


of f. 


Remark 7.2 For n = 1, each function f :Q x R— R which satisfies the 
Carathéodory conditions is of potential type with 


F(a2)= | f(eu)ay, 


that is, F is the primitive of f in the second variable which vanishes at 
Zero. 


Combining Examples 7.2-7.4 we obtain the following result. 
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Theorem 7.2 Assume that all the assumptions of Theorem 7.1 hold. In 
addition assume that H : L? (Q; R”) — L? (Q;R”) is a bounded linear 
operator. Then the functional E : L? (Q; R”) — R, given by 


B(u) = 5 lub — | F,H (u) (2)) de 
is Fréchet differentiable and 
EY = I — H*N;H 
that is 
(E' (u),v) = (u — H*N;H (u), v), (uve L’ (Q; R”)). 


The functional Æ in Theorem 7.2 is known as the Golomb functional 
generated by H and f. 


7.2 Minima of Lower Semicontinuous Functionals 


Now we come back to the general functional E : U — R, where U C X 
is open. By definition u € U is a critical point of E if E is Fréchet 
differentiable at u and E’ (u) = 0. The simplest example of critical points 
is that of the points of local extremum. 


Proposition 7.2 If uo E€ U is a point of local extremum of E and E is 
Fréchet differentiable at uo, then E" (uo) = 0. 


Proof. Assume that ug is a point of local minimum, i.e., 
E (uo) < E (u) 


for all u in a neighborhood of up. Since E is Fréchet differentiable at uo, 


we have 
0 < E (uo +v) — E (uo) = (E' (uo) ,v) + w (uo, v) 


and 
w (uo, v) 0 
jv 
as v > 0. Setting v = tw, where t > 0 and w € X, |w| = 1, dividing by 
t and then letting t — 0t we obtain 


(E" (wo) w) > 0. 
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Similarly, replacing w by —w we have 
(E" (uo), —w) > 0. 
Hence 
(E' (uo), w) = 0 


for all w € X, |w| = 1. As a result E’ (uo) = 0. A similar argument applies 
to the points of local maximum. m 

Thus a first idea in finding critical points is to look for extremal values 
of the functional. 


Definition 7.3 A functional E : D C X — R is said to be lower semicon- 
tinuous, l.s.c. for short, on D if for every r € R, the level set 


(E<r)={ueD: E(u) <r} 


is closed in D. E is said to be weakly lower semicontinuous on D if for 
every r € R, the level set (E < r) is closed in D with respect to the weak 
topology of X. 


For weak topologies and additional properties of linear functional anal- 
ysis we refer the reader to Brezis [5] and Yosida [44]. 


Proposition 7.3 Assume X is a reflexive Banach space, D C X is a 
bounded closed convex nonempty set and E : D — R. is weakly l.s.c. on D. 
Then E is bounded from below and attains its infimum. 


Proof. Let (ux) be a minimizing sequence of E, i.e., up E€ D and 
E (ux) >To = inf E < RU {-oo}. 


Since X is reflexive and D is bounded, we may assume, passing eventually 
to a subsequence, that ug — ug weakly as k — oo, where up E€ X. D being 
closed convex we have uo € D. Assume ro < E (uo). Then there exists an 
e >0 anda k EN such that E (uz) < E (uo) —€«, that is 


Uk €E (E < E (uo) — £), 
for all k > ke. This, since E is weakly l.s.c. on D, implies 
uo € (E < E (uo) — €) 


too. Thus we have obtained E (uo) < E (uo) — €, a contradiction. Hence 
E (uo) = ro. m 
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Definition 7.4 A functional E&E : D C X — R defined on an unbounded 
set D, is said to be coercive if E (u) > co as |u| — oo. 


The analogue result of Proposition 7.3 for an unbounded set D is the 
following 


Proposition 7.4 Assume X is a reflexive Banach space, D C X is an 
unbounded closed convex set and E : D — R is coercive and weakly l.s.c. 
on D. Then E is bounded from below and attains its infimum. 


Proof. Fix any element u; in D. Since E is coercive there exists an 
R > 0 such that E (u) > E (u1) for all u € D with |u| > R. Consequently 


inf E= inf E 
D Dn BpR(0) 


and the conclusion follows from Proposition 7.3. m 


Theorem 7.3 Let X be a reflexive Banach space and E : X — R be 
coercive, weakly l.s.c. on X and Fréchet differentiable in X. Then there 
exists uo E X with 


E (uo) = inf E, F' (uo) = 0. 


Proof. Apply Propositions 7.4 and 7.2. m 
The next result is a criterium of weak lower semicontinuity. It is stated 
in terms of convex functionals. 


Definition 7.5 Let D be a convex subset of the Banach space X. A func- 
tional FE: D — R is said to be convex if 


E (u+ t (v — u)) < E (u) +t (E (v) — E(u) (7.8) 


for all u,v € D, u Æ v and t € (0,1). The functional E is said to be 
strictly convex if strict inequality occurs in (7.8). The functional E is said 
to be concave if —E is convex. 


Proposition 7.5 Assume X is a Banach space, D C X is closed conver 
and E: D —>R is convex and l.s.c. on D. Then E is weakly l.s.c. on D. 


Proof. Notice each level set (E < r) is closed convex and so is weakly 
closed. m 
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Theorem 7.4 Let X be a reflexive Banach space and E : X — R be 
convex, coercive, and Fréchet differentiable in X. Then there exists up E€ X 
with 

E (uo) = inf Ẹ, E" (uo) = 0. 


If in addition E is strictly conver then E has a unique critical point. 


Proof. Since E is Fréchet differentiable, E is continuous and so l.s.c. 
on X. Now the existence part follows from Proposition 7.5 and Theorem 
7.3. 

Assume Ff is strictly convex and suppose that u1 is a critical point of 
E with u1 Æ ug. Then for sufficiently small t > 0, we have 


E (uo +t (u1 — uo)) — E (uo) = t (E' (uo), u1 — uo) + w (ug, t (wy — uo)) 


w (uo, t (wi — uo) ) 


and 


w (uo, t (ur — uo)) = 0 (t). 


On the other hand, since E is strictly convex, one has 
E (uo + t (u1 — uo)) < E (uo) + t (E (u1) — E (uo)) (7.9) 
for all t € (0,1). Hence 
w (uo, t (u1 — uo)) < t (E (u1) — E (uo)) 


for all t € (0,1) small enough. Dividing by t and letting t — 0*, we obtain 
0 < E (u1) — E (uo). Similarly 0 < E (uo) — E (u1). Hence 


E (u1) = E (uo) = inf E, 


and from (7.9) we deduce for t € (0,1), 


E (uo + t (uy — uo)) < inf E, 


a contradiction. m 
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7.3 Application to Hammerstein Integral 
Equations 


We now use Theorems 7.3 and 7.4 to obtain existence and uniqueness results 
for the Hammerstein integral equation in R” | 


u(x) = cy) fiy,u(y))dy ae ren. (7.10) 


Theorem 7.5 Let 2 C R™ be bounded open, 2 < p < po < œ, 1/p+1/q = 
1, 1/po + 1/qo = 1, k : Q? > R and f:QxR" — R”. Assume that the 
following conditions are satisfied: 


(i) the operator A: L® (Q; R”) — L (Q; R”) given by 
A(u)(2)= | Kud 


is bounded and its restriction A: L? (Q; R”) > L? (Q; R”) is positive, self- 
adjoint and completely continuous; 
(ii) f is (p,q)-Carathéodory of potential type; 

(iii) the potential F of f satisfies the growth condition 


|F (æ,2)| < 5 lel? + b (2) [zl + c (2) (7.11) 


for a.e.x E€ Q and all z € R”, where 0 < y < 2, b € LA (R4), 
cE L! (Q; R}), ac Ry and a|A| <1 (A as operator from L? (Q; R”) to 
L? (9; R”)). 

Then the Hammerstein equation (7.10) has at least one solution u in 


L (Q; R”). 


Proof. According to Proposition 6.6, (7.10) is equivalent to the operator 
equation 


v = H*N;H(v), veL (Q; R”). (7.12) 
Furthermore, this equation can be written as 
E’ (v) =0, 


where the functional E : L? (Q; R”) — R is given by 
1 
Eœ) = zw- | F (eH 0) (@)) de 


1 
= 5 lolz — JH (v). 
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1) E is coercive. Indeed, by (7.11) we have 


Bw) = ZW- JH (o) 


> gw- ZIHOR- | d(x) H 0) P de — leh 
We have 
H (w)? = (a? (v) , A12 (v) = (v, A(v)) 
< Allvl 
and 


IA 


(sa) (Lime) 


= b |H (v) < b|Al- R e r, 


f EHE 0) @)P ae 
Q 


where b = |bj3;„- Denote c= |c|,. Then 


E (v) > =|v)3 (1—a |A] — è [Al lolz? — . 


one 


Since 1—a|A|>0 and 2— y< 2 we may infer that 
E(v) +c as |u|, > œ. 


Thus ÈE is coercive. 
2) E is weakly l.s.c. on L? (Q; R”). To this end let r > 0 and let (vk) 


be a sequence with 
E (vk) <r and vz — v weakly as k — oo. 


Then 


(uk — v, u) > 0 as k > 00 
for every u € L? (Q; R”). Since the operator A acting in L? (Q; R”) is 
completely continuous, we may assume, passing eventually to a subsequence, 
that A (vp) > w in L? (Q; R”). We have 
2 
Al/2 (vk) — Al? (v) > 7 (vk — v, A (vk) — A(v))o 


= (vk — v, A (vgk) — w) + (Vk — v, w — A (v))a 7 0 
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as k — oo, since the sequence (vz — v) is bounded, A (vk) — w —> 0, and 
(uk —v,w—A(v)), > 0. It follows that 


A"? (vp) > AN? (v) 


strongly. On the other hand, H being completely continuous (see Theorem 
6.1), we may assume (passing eventually to a new subsequence) that H (vk) 
converges in L? (Q; R”). Since H (vg) = A1? (vk) the limit of H (vk) must 
be H (v) = A! (v). Hence 


H (vg) > H (v) 
in DP (Q; R”). Consequently 
JH (vk) — JH (v) 


in R. In addition, it is well known that if vu, — v weakly then |v|, < 
lim inf |v;,|,. Then since E (vk) <r 


1 
5 vrs —r< JH (vg) 
and letting k — oo we obtain 
1 2 . 1 2 
5 lvls -r < lim inf 5 [vk] —r < JH (v). 


Hence E (v) < r. Thus, the level set (E < r) is weakly closed. Therefore 
E is weakly l.s.c. on L? (Q; R”). 

Now the conclusion follows from Theorem 7.3. m 

If instead of the complete continuity of A as an operator acting in 
L? (Q; R”) we ask for convexity of E, by Theorem 7.4 we immediately 
obtain the following existence and uniqueness result. 


Theorem 7.6 Let Qc R™ be bounded open, 2 < p < po < œ, 1/p+1/q= 
1, 1/po + 1/90 = 1, K : Q? > R and f:QxR" — R”. Assume that the 
following conditions are satisfied: 


(i) the operator A: L® (Q; R”) — L”? (Q; R”) given by 
A(u)(e) = f oevu) dy 


is bounded and its restriction A: L? (Q; R”) — L? (Q; R”) is positive and 
self-adjoint, 
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(ii) f is (p,q)-Carathéodory of potential type; 
(iii) the potential F of f is concave in the second variable and satisfies 
the growth condition 


|F (z, 2)| <5 l2 + b (2) 12177 + c (2) 


for a.e.x E€ Q and all z € R”, where 0 < y < 2, b € PA (R4), 
c E€ L! (Q; R4), a€ Ry and alA| <1 (A as operator from L? (Q; R”) to 
L? (Q; R”)). 

Then the equation (7.10) has a unique solution u € D (Q; R”). 


Proof. The functional |v|5 /2 is strictly convex. Also, since F (z,.) is 
assumed concave the functional 


-| F (x, H (v) (x)) dz 
Q 


is convex. Hence E is strictly convex and Theorem 7.4 applies. For 
uniqueness assume that u1, ue E€ LP (Q; R”) are solutions to (7.10), that 
is u; = ANy(u;), i = 1,2. Let v; = H*Nş (u:i). Then v; solve (7.12). 
Since (7.12) has a unique solution (the unique critical point of E ) we have 


vı = vo. Hence H*N; (u1) = H* Ny (u2). Then 
H H* N; (u1) = HH" Ny (u2). 


But HH* = A, so ANş (u1) = ANpş (u2) . Thus uj = u2. m 
We conclude this chapter by some conditions on kernel k which guarantee 
(i) in Theorems 7.5: 


1) kE LP (Q xQ), 
2) k is symmetric, i.e., k (£, y) = k (y, £), 
3) k is positive semidefinite, i.e., 


| Kev (u(a) u(y) de dy > 0 
Qx*QD 


for every u E€ L? (Q; R”). 


Chapter 8 


The Mountain Pass Theorem 
and Critical Points of Saddle 


Type 


In Chapter 9 we shall continue the investigation of the LP solutions of the 
Hammerstein integral equations under the assumption that f (z,0) = 0, 
that is, the null function is a solution. We are now interested in non-null 
solutions. The technique we use is based on the so called mountain pass 
theorem of Ambrosetti-Rabinowitz [3]. By this method one can establish 
the existence of a critical point u of the functional Æ which in general is not 
an extremum point of E, and has the property that in any neighborhood 
of u there are points v and w with E (v) < E(u) < E(w). Such a critical 
point is said to be a saddle point of E. 

In this chapter we first present the Ambrosetti-Rabinowitz theorem with 
a proof based on Ekeland’s principle. ‘Then we present Schechter’s version 
[40] of the mountain pass theorem, which guarantees the existence of a 
critical point in a bounded region of the space. ‘The proof is based on 
deformation arguments and uses the notion of flow associated with a locally 
Lipschitz map and a generalized pseudo-gradient lemma. 


8.1 The Ambrosetti—Rabinowitz Theorem 


Definition 8.1 A functional E €e C'(X) is said to satisfy the Palais- 
Smale condition, for short the (PS) condition, if any sequence of elements 
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uk E X for which 
E (uk) >u ER, E’ (uz) 0 (8.1) 
as k — oo, has a convergent subsequence. 


We note that the (PS) condition is a compactness property. It asks that 
for any sequence (uxz),5, satisfying (8.1), the set {up : k > 1} is relatively 
compact. 


Theorem 8.1 (Ambrosetti-Rabinowitz) Let X be a Banach space and 
E € C! (X). Assume that there exist ug, u E X and r with |u| < r < |uy| 
such that 


max {E (uo), E (u1)} < inf {E (u): ue X, Jul =r}. 


Let 
I = {y € C ([0,1]; X) : y (0) = uo, y (1) = u} (8.2) 

and 
c= inf max E (y &)) . (8.3) 


Then there exists a sequence of elements up E X such that 
E (uk) > c¢, E'(uk)—>0 as k—> o. 


If, in addition, E satisfies the (PS) condition then there exists an element 
u E X \ {uo, u1} with 


E(u)=c, E’(u)=0. (8.4) 


Remark 8.1 Notice I is the set of all continuous paths joining ug and 
u,;. Roughly speaking, the mountain pass theorem says that if we are at 
the point uo of altitude E (uo) located in a cauldron surrounded by high 
mountains, and we wish to reach to a point u1 of altitude E (u1), over 
there the mountains, we can find a path going from up to u1, through a 
mountain pass. To find a mountain pass we have to choose a path which 
mounts the least. | 


The proof that we present here relies on Ekeland’s variational principle 
[12]. 
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Lemma 8.1 (Ekeland) Let (Z,d) be a complete metric space and let 4% : 
Z — R be a lower semicontinuous function bounded from below. Then given 
E>0 and up E Z there exists a point u E Z such that 


Y (v)— y (u)+ed (u,v) >0 forall ve Z, (8.5) 
y (u) < 4% (uo) — cd (u, uo) . (8.6) 


Proof. Since ed is an equivalent metric on Z, we may assume that 
€ = 1. For each u € Z we consider the set 


Z (u) = {ve Z: y (w)-—y(u)+d(u,v) <0}. 


Clearly u € Z (u) and it is easily seen that if v € Z (u) then Z (v) C Z (u). 
Let (€,) be a sequence of real numbers ¢€, > 0 with €k — 0 as k > ov, 
and let (u) be a sequence with 


uk+1 € Z (uk), Y (Uk+1) < pte + Ek+1 
Uk 


for k =0,1,.... Since uk4ı E Z (uz) we have 


Y (uk+1) — Y% (uk) + d (uk+1, Uk) < 0. (8.7) 


Hence the sequence (w)(uz)) is decreasing. It is also bounded since j is 
bounded from below. Thus (4% (uz)) is convergent. On the other hand, from 
(8.7) we obtain 


Y (Um) — Y (uk) +d (Um, uk) <0 for k<m. 


It follows that (uz) is a Cauchy sequence. Let u € Z be its limit. Since 
uk E Z (uo) we have 


Y (uk) — Y (uo) + d (uz, uo) < 9, 


and letting k — oo we obtain (8.6). To prove (8.5) let v € Z be an arbitrary 
element of Z. Two cases are possible: 


1) v € OZ (uk). Then 


W (uk+1) < ont P + Engi < Y (v) + Ek+1 
Uk 


for all k. From this, using the lower semicontinuity of ~ we deduce w (u) < 
w(v), and so (8.5). 
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2) v € NZ (uz). Then there exists an m such that v ¢ Z (ux) for all 
k > m. Consequently 


Y (v)— Y (uk) +d(v,uk)>0, k>m. 


Letting k — œo we obtain (8.5). m 
Here are two useful consequences of Ekeland’s principle. 


Corollary 8.1 Under the assumptions of Lemma 8.1, for each € > 0 there 
exists an element u € Z such that (8.5) holds and 


Y (u) < inf Y +e. (8.8) 


Proof. Apply Lemma 8.1 to an element ug € Z with w (uo) < inf Y +e. 
Then (8.8) immediately follows from (8.6). m 
Corollary 8.2 Under the assumptions of Lemma 8.1, if Z is a Banach 
space with norm |.|, and p is a Ct functional there exists a sequence (up) 
with 
Y (ux) > inf y 


(i.e., (uk) is a minimizant sequence of w) and 


Y (uk) — 0. 
Proof. For ¢ = 1/k, by Corollary 8.1 there is an element uz, € Z such 
that i 
Y (v) — 4 (ur) + 7 [uk — v| 2 0, vEZ, (8.9) 


y(u) < inf d + E. 


Take an arbitrary w € Z and apply (8.9) to v = up +tw, t € R. We obtain 
Y (u + tw) ~ Y (u) + = [el lw] > 0. 

It follows that for |t| small enough we have 
t (W (uz) ,w) + o (ltl) + È [tl lwl > 0. 

For t > 0, t — 0 we deduce 


(W (ux) ,w) > =z lwl, 
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whilst for t < 0, t — 0 we obtain 


Hence 
Therefore 


whence Y’ (uz) ~0 as k — co. E 
If X is a Banach space and v € X* then it is a simple consequence of 
the definition of the norm of v, that for each £ > 0 there exists u € X with 


ju) <1 and (v,u) > |u| —e«. 


The next lemma guarantees that if v depends continuously on a parame- 
ter t then the corresponding element u can be choosen so that it depends 
continuously on t as well. 


Lemma 8.2 Let X be a Banach space and f € C((0,1];X*). Then there 
exists a function p € C ([0,1]; X) such that 


ly@l <1, FE, et) > lf el-e 
for all t € [0,1]. 


Proof. Let to € [0,1]. According to the above remark there exists 
uo E X with |up| < 1 and (f (to), uo) > |f (to)| — £. Let 


U (to) = {t € [0,1] : (f (4), wo) > IF Œ| — €} 


Clearly to € U (to) and since f is continuous U (tọ) is open in [0,1]. Since 
[0,1] = U;cjo,1 U (t), there exists a finite open covering 


{U (t1), U (t2), ..., U (tn)} 
of [0,1]. Let w, i= 1,2,... n be the corresponding elements, i.e., 
U (ti) = {t € [0,1] : (F@), ui) > If Œ|- E} 
If p; (t) = dist (t, [0,1] \ U (t:)) define 
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Notice ¢; : [0,1] — [0,1] is continuous, ¢; (t) 4 0 if and only if t € U (t:), 
and >> ¢;(t) =1 for all t € [0,1]. Now define 
i=1 


y(t) = SoG (t) u;. 
i=1 
Clarly y € C ([0,1]; X) and 
eI <S GM lul< 7G =1. 
i=l i=l 


Also it follows easily that ọ satisfies (f (t),y(t)) > |f(t)|—e on [0,1]. m 


Proof of Theorem 8.1. We apply Corollary 8.1 to Z = T given by 
(8.2) and to the functional y : FT — R defined by 


y (y) = max E (7 (t)). 


This functional is lower semicontinuous and bounded from below by c (given 
by (8.3)). It follows that for every £ > 0 there exists a ye € I with 


b(n) — Y (e) +ed (n, %) 20, nel, (8.10) 
c SY (ye) S inf yte = cHe. 
Let 
e = {t € [0,1] : E (ye (t)) = Y Qe) } 
For concluding the proof it is sufficient to show that there exists a te € Ae 
with |E’ (ye (te))| < 2e. To this end we apply Lemma 8.2 to the function 
f € C ([0,1]; X*), 
f(t) = E’ (Ye (t)). 


Hence there exists a function y € C ([0,1]; X) such that |y (t)| < 1 and 
(E’ (ye (t)) ,¢ (t)) > |E (re (#))| -€ 
on [0,1]. In (8.10) take 7 = ye — Aw with A > 0 and 


where ¢ : [0,1] — [0,1] is continuous, ¢(t) =1 on Aes, and ¢(0) =¢(1) = 
0. We have 
d (N, Ye) = A |w| < A, 
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Y (n) = max E (n (t)) = E (n (E)) 
tE(0,1] 


for some ty € [0,1]. Hence 


E (n (ty)) — max E (Je (t)) + €A 2 0. 


Since 
E (n (ta)) — E (qe (ta)) = =A (E" (re (te) ‚w (ta) + o (A) 


we deduce that 


— (E (ye (ta) w (ty) Fe + 50 (A) > 0. 


We may assume that t) —> te E€ As as A— 0. Then 


— (E' (e (te)) 9 (te)) +€ > 0. 


Thus 
JE (Ye (te))| —e< (E' (Ye (te), (te)) < €, 


whence |E” (ye (te))| < 2e. m 

Notice that Theorem 8.1 does not give any information about the lo- 
calization of the critical point u satisfying (8.4) (of saddle type). This 
justifies the following question: what additional hypotheses will guaran- 
tee the existence of a critical point of saddle type in a given region of the 
space. Some answers to this question can be found in Pucci-Serrin [35], 
Guo-Sun-Qi [16], Ghoussoub-Preiss [14], Schechter [39], [40], Schechter- 
Tintarev [41], Ma [22], Frigon [13] and Liu-Sun [21]. In Section 8.3 we 
shall present Schechter’s bounded mountain pass theorem in a somewhat 
particular case sufficient for our purposes. 


8.2 Flows and Generalized Pseudo-Gradients 


In this section we state and prove the lemmas that will be used in Section 
8.3, in the proof of Schechter’s mountain pass theorem. 


Lemma 8.3 Let X be a Banach space and W : X — X be a locally 
Lipschitz map such that 


|W (u) <M, uex. 
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Then for each u € X there exists a unique function a(u,.) € C!(R;X) 
such that 


l E (o(u,t)), tER, (8.11) 


In addition, o € C (X x R; X) and 
o (u,t + 8) = o (0 (u8), t) 
forall uE X and t,s ER. 


Proof. Let u € X be fixed and let r > 0 be such that W is Lipschitz 
in B, (u) with the Lipschitz constant L > 0. Let 


p 
ti < — 
L PL + |W (u)| 


and 


K = {v €C((0,t1];X): ju(t)-—ul <r on [0,¢]}. 
Let A: K — K be given by 


0 
From 
JA (v) (t)-—ul < i |W (u(s))| ds 
< i (|W (v (s)) — W (u)| + |W (u)|) ds 
< (rL+|W (u)|) ti 
< T, 


(t € [0,t1]) we have that A is well defined. In addition we can easily see 
that A is a contraction with Lipschitz constant Lt; < 1. By Banach’s 
contraction principle, A has a unique fixed point ø (u,.) € C ([0, t1]; X). 
Clearly o(u,.) € C((0,t1];X) and satisfies (8.11) for t € [0,t1]. Let 
t} € (0,00] be the supremum of all numbers tı such that (8.11) has a 
solution on [0,t,]. If t} < co then we take any sequence t, < t+, with 
tk — t} and we obtain 

te 


lo (u,t;) —o(u,t,)| = || W(o(u,s)) ds 


tk 


M lt; — tp|. 


IA 
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Hence the sequence ø (u,t,) is Cauchy and so convergent to some w. Now 
again by the local existence theorem we can uniquely solve 
do (u, t) 
dt 


in a certain interval [t,,¢, + ô). This will contradict the definition of t4. 
Thus t} = oo. A similar argument can be used for the interval (—oo,0]. m 


= W (o (u,t)), o(u,ty) =w 


Definition 8.2 The map o given by Lemma 8.3 is called the flow generated 
by the locally Lipschitz map W. 


A source of locally Lipschitz maps are the so called pseudo-gradients. 
We now present an example of pseudo-gradient owed to Schechter [40]. 


Lemma 8.4 Let X be a Hilbert space and let a, 0 be real numbers with 
0<a<1-—86 and 6>0. Then for any elements u,v € X \ {0} satisfying 


(u,v) < 8 |u] jv 
there exists an element h E€ X such that 
(u,h) > aluli], (v,h) <0. 


Proof. We may assume that |u| = |v| = 1. We look for h in the form 
h = u — Bv with B>0. Then 
h| <1+B, (v,h)<O-B, (uh) >1- 60. 


Since 0 < a < 1—0, we may take a B > 0 such that a(1+ 8) < 1-— 890; 
for instance, set 8 = (1 — æ) / (œ+ 0). This yields the desired result. m 


Lemma 8.5 Let X be a Hilbert space. Let F, G : DC X — X be con- 
tinuous, D = {u € D : G(u) # 0} and let Do C D be closed. Assume 
that 

F(u) 40, we Do, 


and that there is a 0 € |0,1) such that 
(F (u) ,G (u)) < 0 |F (u)||G(u)], ue Do. 


Then for each a with O < œa < 1—9, there exists a locally Lipschitz map 
H : D — X such that 


JH (u)| <1, (G (u), H (u)) > a|G (u), we D, 


and 


(F (u), H (u)) <0, we Do. 
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Proof. Let a’ be such that a< a’ < 1—8. Consider a map h: Dax 
with |h(u)| =1 for all u € D and with the following properties: 


h (u) =|G(u)| G (u), weD\Do 


and 


(G (u),h (u)) > œ |G (u)|, (F(u),h(u)) <0, we Do. 
Such a map exists by Lemma 8.4. Notice that one has 
(G (u), h (u)) > a' |G (u), ueD. 


Since F and G are continuous, for each u € D, there is an open neighbor- 
hood V (u) of u such that 


(G w), h (u)) 2 a|G (v)|, (F (v), h (u)) <0, u € Do 
for all v € V (u). For u € D\ Do, take V (u) so small that V (u) N Do = 0 


(recall Do is a closed set) and 
(G (v) ,h (u)) 2 a|G (v)|, v eV (u). 


The collection {V (u) : u € D} is an open covering of D. Since D is 
paracompact, this covering has a locally finite refinement {V,}. Let {Y7} 
be a locally Lipschitz partition of unity subordinate to this refinement, and 
for each 7, let u, € D be an element for which V, C V (u). Now let 


H:D=3xX be given by 
v) = Sgr (v)h u 


Clearly H is locally Lipschitz. Also, for every v € D we have |H (v)| <1 


and 
He) (G (0) (we) 


So ) |G (v)| 
= a |G (v), 


(G (v), H (w)) 


IV 


whilst for v € Do, one has 
(F(v),H(v)) = dvr (0) (F (v), h (ur)) 
< 0. | 


which concludes the proof. m 


The Mountain Pass Theorem 121 


8.3 Schechter’s Bounded Mountain Pass Theorem 


Throughout this section X will be a Hilbert space and for any R € (0, ool, 
Br will be the open set {u € X : |u| < R}. Clearly, for R = oo one has 
Br=Br=X and OBR=0. 


Definition 8.3 Let R € (0,oo] and E € Ct (Br). For R < oo, we say 
that E satisfies Schechter’s Palais-Smale condition, (PS)r condition for 
short, if any sequence of elements uz, € Br \ {0} for which 


(E" (ux) , Uk) 


5 uk — 0, (E' (uz) uk) >v <0 
[ux] 


(8.12) 
as k — oo, has a convergent subsequence. For R = oo we let (PS). =(PS). 


E (uk) >u ER, E' (ug) - 


Remark 8.2 If E satisfies the (PS) condition, then E satisfies the Palais- 
Smale condition on Bp, i.e., any sequence of elements up € Bpr satisfying 
(8.1) has a convergent subsequence. For R = oo this is true by definition. 
Assume R < oo. Then since (uz) is bounded and E”’ (uz) — 0 we have 
(E' (uk), uk) 20, so v=0. Also, 


Consequently 


Thus (uz) satisfies (8.12) , and so by the (PS) pr condition it has a convergent 
subsequence. 


Theorem 8.2 (Schechter) Let X be a Hilbert space, R € (0,00], and 
E € Ct (Br) . Assume that for some vo > 0, 


(E" (w) ,u) >—vy, u EBR (8.13) 
and that there are uo, u € Bpr and r with |uo| <r < |uy| such that 
max {E (uo), E (u1)} < inf {E (u) : u € Br, |ul =r}. (8.14) 


Let 
Tr = {7 € C ([0,1]; Br) : y (0) = uo, y(1) = u} 
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and 


— inf E(y(t)). 
cr= inf max (y (t)) 


Then either there is a sequence of elements uz, € Br with 
E (uk) > CR, E’ (uk) — 0, (8.15) 


or there is a sequence of elements up E OBR such that 


E (up) > cr, E’ (uk) — (Po) ay — 0, (E’ (ug), uz) <0. (8.16) 
If in addition E satisfies the (PS)pR condition and 

F' (u)+ uu #0, we OBr, p> Od, (8.17) 
then there exists an element u € Br \ {uo,u1} with 


E(u)=cpr, E'(u) =0. 


Remark 8.3 For R = œ, Tr =T, cr = c, conditions (8.13) and (8.17) 
are trivial since Bpr = Ø, and Theorem 8.2 reduces to Theorem 8.1. 


Remark 8.4 For R < oo, (8.17) is the Leray—Schauder boundary condition 
for the operator I — E’, i.e., it is equivalent to 


uXrA(I—E")(u), we OBr, A€ (0,1). 
The proof of Theorem 8.2 is based on the following lemma [40]. 


Lemma 8.6 Assume all the assumptions of Theorem 8.2 hold. In addition 
assume that there are constants 0, ô with 0O<@<1,6>0 such that 


(E’ (u),u) + ORE’ (u)| > 0 (8.18) 
forall u € OBR satisfying 
|E (uw) — er| < ô. (8.19) 
Then there exists a sequence of elements uz E€ Br such that 


E (uz) > cr, E’ (up) — 0. (8.20) 
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Proof. Assume there are no sequences satisfying (8.20). Then there 
would be constants 6, m > 0 such that 


JE’ (u)| >m (8.21) 


for all u in 


Q= {ue Br: |E (u) — cr| < 36}. 


Clearly, we may assume 36 < cr — max {E (uo), E (u1)} and that (8.18) 
holds in Q = Q N Bpr. Denote 


Qo = {u € Br: |E (u) — er| < 26}, 
{u € Br: |E (u) —cr| < ô}, 
Q2 = Br\Qo, 

— 44, Q2) 
n) = TQ) +d(u, Qa) 


© 
| 


We have 
n(u)=1 in Q}, n(u)=0 in Q, 0<7n(u) <1 otherwise. 


We now apply Lemma 8.5 to F (u) = —u, G (u) = F' (u), D = Br and 
Do = Q. It follows that for each positive œ < 1 — 0, there exists a locally 
Lipschitz map H : D — X (here D means the set {u € Br: F' (u) 4 0}) 
such that 


IH (u)| <1, alE'(u)| < (E' (u), H (u)), ue D (8.22) 


and 


Ca 


(u, H (u)) > 0, uEQ. (8.23) 
Define W : BR > X by 


l —nņ (u) H (u) for ue D (8.24) 


0 for u € BR \ D. 


This map is locally Lipschitz and can be extended to a locally Lipschitz map 
on the whole of X, by setting 


W (u) = W Eia for |u| > R. 
ju] 
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Let o be the flow generated by W as shows Lemma 8.3. Note ø (u,.) does 
not exit Br for every u € Br. Indeed, we have 


2 
See a2 (SO o(u,2)) = 2(W (oc), o). (8.25) 


Assume |ø (u,t)| < R for all t € [0,to) and u1 = ø (u,to) € OBR, for some 
to € R4. If uy E Q then by (8.23) and (8.24) we see that 


(W (o(u,t)),o(u,t)) <0 
for t in a neighborhood of tg. If u1 ¢ Q then 
n (o (u,t)) =0 


for t in a neighborhood of tọ. Hence the right hand side of (8.25) is non- 
positive in a neighborhood of to. Thus |ø (u,t)| is nonincreasing on some 
interval fto, to +€). Therefore o(u,.) does not exit Br for t € Ry. 

Let us denote by E, the level set (E < A), i.e., 


E = {u € Br: E(u) <A}. 


Now we look at the composite map Æ (ø (u,.)). By (8.21) and (8.22) we 
have 


TE (et) -= (E (0 (u,1)), SED (8.26) 
= —n (o (u,t)) (E' (o (u,t)), H (0 (u,t))) 
< =n (o (u,t)) am. 


Let tı > 26/(am), and let u be any element of E.,45. If there is a 
to € [0, tı] with o(u,to) € Q1, then 


E(o(u,ti)) < E(a(u,to)) 


Hence ø (u,ti) € E.,-5. Otherwise, o (u,t) € Qi for all ¢ € [0,t,], and so 
n(o(u,t)) =1. Then (8.26) implies 


E(o(u,ti)) < E(u)-amtı 
< cR +ô8—2ð=cRp—Ò. 


Thus 
o (Ecgr+6,t1) C Eep-s- (8.27) 
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Now by the definition of cr, there isa y€ TR with 
Y (t) € Feats: t € [0, 1] . (8.28) 
We define a new path 7 joining up and u, by 


yı (t) =ø (y (t), tı), tE [0, 1]. 


Since 7 vanishes in the neighborhood of ug and u1, we have ø (uo, t) = uo 
and o (u1,t) = u1. Hence y; (0) = uo, yi (1) = u1 and so y1 E Tr. On the 
other hand, from (8.27) and (8.28), we have 


E(u (t))<er—6, te (0,1, 


which contradicts the definition of cr. This finishes the proof of Lemma 
8.6. m 


Proof of Theorem 8.2. Assume a sequence satisfying (8.16) does not 
exist. Then there are constants m, 6 > 0 such that 


|E (u) — R°? (E’ (u), u)u| >m 
whenever 
|E (u)—cr| <6, (E'(u),u) <0, we OBp. (8.29) 
Let 6 > 0 be such that 
0 < 07? -1< mR?’ . 


Then if u satisfies (8.29) we have 
(E' (u) u) (07? — 1) < R? |E’ (u) — R? (E’ (u) ,u) ul” (E' (u) u)” Vy”. 
Since (E’ (u) ,u)* vg? < 1 this yields 


(E' (u) u) + R? |E’ (u) — R” (E’ (u), u) ul” 


R? |E' (u)|’. 


07? (E’ (u) u) 


lA 


Hence u satisfies (8.18). Thus (8.18) holds for all u satisfying (8.29). It 
also holds trivially for all u with (E’(u),u) > 0. Hence (8.18) holds for 
all u € OBR satisfying (8.19). Therefore Lemma 8.6 applies and guarantees 
the existence of a sequence (uz) satisfying (8.20). 
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Finally, assume that E satisfies the (PS)r condition. Then we may 
assume, passing if necessary to a subsequence, that uz, — u for some u € 


Br. Then 


E(u)=cr, E'(u) =0, (8.30) 
lu] = R, E(u) =cpr, E’(u) — R° (E'(u),u)u=0, (E’(u),u) <0, 
(8.31) 


respectively. If in (8.31) (E (u), u) = 0 then u also satisfies (8.30). Assume 
(8.31) holds with (E’ (u) ,u) < 0 and let u = —R~?(E’ (u),u). Then p > 0 
and E" (wu) + yu =0, which contradicts (8.17). 

Notice that u Æ uo and u Æ u1 since by (8.14), 


E (u) = cr > inf {E (w) : |w| =r} > max {E (uo), E (u1)}. 
The proof is complete. m 
Remark 8.5 Theorem 8.2 remains true if in (8.14) one has equality. More- 
over, if 
inf {E (w): w € Br, |w|=r}=cpr 
then a sequence (ux) like that in Theorem 8.2 can be found such that 
d (ux, Br) — 0. 
Consequently we obtain a critical point u with |u| =r (see Schechter [40], 
pp 103-104). 
Remark 8.6 For R = ov, the proof of Theorem 8.2 represents another 


proof of Theorem 8.1 based on deformation arguments. 


The next result is also owed to Schechter (see [40], Corollary 5.4.4) and 
guarantees the existence of at least two distinct critical points. 


Theorem 8.3 (Schechter) Assume all the assumptions of Theorem 8.2 
hold and that E satisfies the (PS)p condition. In addition assume 


MR = inf E (u) > —O0. 
uEBR , 


Then E has at least two different critical points u, um such that 
u € Br\ {uo, u1}, E(u)=crR 
and 
Um €E Bp, E (um) = MR. 


Moreover, if E (u1) < E (uo) then we may assume that um £ Uo. 
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For much more information on critical point theory we refer the reader 
to Ambrosetti [2], Benci [4], Brezis-Nirenberg [6], Kavian [18], Mawhin— 
Willem [23], Rabinowitz [36] and Struwe [42]. For nonsmooth critical point 
theory, see Canino—Degiovanni [7], Chang [8], Corvellec [10], Frigon [13] and 
Motreanu—Varga [27]. 


Chapter 9 


Nontrivial Solutions 
of Abstract 
Hammerstein Equations 


This chapter deals with nontrivial solvability in balls of abstract Hammer- 
stein equations and Hammerstein integral equations in R” by a variational 
approach. The variational method for treating Hammerstein integral equa- 
tions goes back to the papers of Hammerstein [17] and Golomb [15]. For fur- 
ther contributions see the monographs by Krasnoselskii [19], Krasnoselskii— 
Zabreiko—Pustylnik—Sobolevskii [20] and Vainberg [43]. For more recent 
results see the papers by Moroz—Vignoli—Zabreiko [24] and Moroz—Zabreiko 
[25], [26]. The results presented in this chapter were adapted from Precup 
[31]—[34]. 


9.1 Nontrivial Solvability of Abstract 
Hammerstein Equations 


Here we discuss the abstract Hammerstein equation 


u = AN (u), uey, (9.1) 


where Y is a Banach space, N : Y — Y* and A: Y* — Y is linear. 
Assume that A splits into 


(9.2) 


A= HH* with H :X —Y and H* : Y* — X, 
where X is a Hilbert space. 
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Then (9.1) can be converted into an equation in X, namely 
v = H*NH (w), vex. (9.3) 


Indeed, if u solves (9.1) then v = H*N (u) is a solution of (9.3), and 
conversely if v solves (9.3) then u = H (v) is a solution of (9.1). Moreover, 
H realizes an one-to-one correspondence between the solution sets of the 
two equations (use a similar argument as in the proof of Proposition 6.6). 
If, in addition, we assume 


N = J' for some J € C'(Y;R), J(0) =0, (9.4) 


and 
H is bounded linear and H* is the adjoint of H, (9.5) 


then (9.3) is equivalent to the critical point problem 
E’(v)=0, vEx 
for the energy (or Golomb) functional 
E:X—>R, E(v) = Slo — JH (v). 
Here |.|, stands for the norm of X. Notice E € Ct (X; R) and 
E’ (v) =v—H*NH(v), vex. 
We now state an existence principle for (9.1) in a ball of X. 


Theorem 9.1 Assume (9.2), (9.4) and (9.5). Assume that N (0) =0 and 
the functional (N(.),.) sends bounded sets into upper bounded sets. In 
addition assume that there are vı € X \ {0}, r € (0, |u|) and R > [v| 
such that the following conditions are satisfied: | 


1 1 
max fo, 5 loi | — JH (of < inf 15 lvl -JH (v) : july = r| , (9.6) 


v # AH*NH (v) for july = R, A€ (0,1), (9.7) 
E satisfies the (PS)p condition. (9.8) 


Then there exists a v € X \ {0} with |uly < R such that u = H (v) is a 
non-zero solution of (9.1). 
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Proof. We apply Theorem 8.2. It is clear that (9.6) guarantees (8.14), 
where uo = 0, uy = V1, and (9.7) is equivalent to (8.17). Also (8.13) holds. 
Indeed, for v € OBR we have 


(E' (v) ,v) = (v— H*NH (v),v) 
F° — (NH (v),H (v)), 


and since H is bounded and (N(.),.) sends bounded sets into upper 
bounded sets, there exists a v > 0 such that 


(NH (v),H(v))< R? +, v€ OBR, 


equivalently, (8.13) holds. Thus, also taking into account (9.8), all the as- 
sumptions of Theorem 8.2 are satisfied. m 
From Theorem 8.3 we can derive the existence of two solutions for (9.1). 


Theorem 9.2 Assume all the assumptions of Theorem 9.1 hold. In addi- 
tion assume that J sends bounded sets into upper bounded sets and 


5 alk — JH (v1) < 0. 


Then (9.1) has at least two non-zero solutions u € Y of the form u = H (v) 
with |vly < R. 


Proof. Apply Theorem 8.3. m 


Remark 9.1 (The energy space) Assume (9.2), (9.4), (9.5) hold and H : 
X — Y is injective. The space 


Xyi=H (X) CY 
is a Hilbert space under the scalar product (.,.); defined by 
(H (v1), H (v2))g = (v1, v2) (v1, v2 € X), 


and is called the energy space generated by H. The corresponding energy 
norm is given by 


|H (w)|g = lv] (ve xX). 
Since H : X — Y is bounded linear, 


H (wy < |Alluly = |H| |E (el 
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for all v e X. Hence 
the embedding Xyp CY is continuous. (9.9) 


If ue Y is a solution of (9.1), then u = H (v) for v = H*N (u) € X, so 
u E€ Xyp. Thus the solutions of (9.1) belong to the energy space Xyp. In 
addition, u € Xy solves (9.1) if and only if u = H (v) and v = H*N (u) 
solves (9.3) in X, that is 


(v,é) = (A*NA (v),6), EEX, 
or, equivalently, 
(H w), H (f))y = (WH w), H (§6)), EEX. 
Hence u € Xy is a solution of (9.1) if and only if u satisfies the variational 
identity 
(u,w)g = (N (u), w), we Xx. 


Now define the functional E : Xg — R, by 
1, 9 
E (u) = 5 luly — J (u), u E€ XH. 


Since J € C! (Y; R), by (9.9), J € C! (Xy; R) and has the same derivative 
N. Hence 


(E' (u), w) =(u,w)y — (N (u), w) (u,w € Xp). 


Thus u € Xy is a solution of (9.1) if and only if u is a critical point of E. 
Therefore, a direct variational approach to (9.1) is possible in the energy 
space XH. 


9.2 Nontrivial Solutions of Hammerstein Integral 
Equations 


In this section we shall specialize Theorems 9.1 and 9.2 for the Hammerstein 
integral equation in R” 


u(x) = f renio a.e. on Q. (9.10) 
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Theorem 9.3 Let 2 C R™ be bounded open, 2 < p < po < œ, 1/p+1/q= 
1, 1/po + 1/qo = 1, K : Q? > R and f:QxR" — R”. Assume that the 
following conditions are satisfied: 


(i) the operator A: L (Q; R”) — L° (Q; R”) given by 
A(u)(e) | Kud 


is bounded and its restriction A: L? (Q; R”) — L? (Q; R”) is positive, self- 
adjoint, and completely continuous; 
(ii) f is (p,q)-Carathéodory of potential F and f (x,0)=0 a.e. on Q; 
(iii) there are vı € L? (Q; R”) \ {0} and r € (0, |vila) such that 


1 
max 40 = hp — [Pom (y)) iy} (9.11) 
. 1 n 
< int {5 lvls - | Pwo) (y))dy : v E L (Q; R”), |v|, = Ji 
(iv) there is R > |v1|,. such that 


HW) Ad f (LHW) Wd (9.12) 
for every v € L? (Q; R”) with |v|, = R and all A € (0,1). 
Then the Hammerstein equation (9.10) has at least one non-zero solution 


u in LP (Q; R”) of the form u= H (v) with v € L? (Q; R”), lvl, < R. 


Proof. Apply Theorem 9.1 to N = Ny and J given by 
J) = f Ful) dy (uE IP (GR): 


Since Ny is a bounded operator, the map (N;(.),.) sends bounded sets 
into bounded sets. By (iii), (iv), conditions (9.6) and (9.7) hold trivially. It 
remains to show that the attached functional E satisfies the (PS) r condition. 
To do this let (vz) be any sequence of elements in L? (Q; R”) with 


satisfying 
E (up) > wER, (E" (uz) Uk) 9 —>yv<0 
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and p 
E! (vk) _ ( We) vk) 
ae 


We may assume that |v,|, — a, for some a € [0, R]. If a = 0 we have 
finished. Assume a € (0, R]. Then 


(E’ (ux) , Uk) 
vkl 


uv, > 0. (9.13) 


V 
— a2 < (—oo, OJ. 


On the other hand, (vk) being bounded and H being completely continuous 
(see Theorem 6.1), we may assume, passing eventually to a subsequence, 
that (H (v,)) converges. Then since Ny and H* are continuous we deduce 
that (H*N;H (vk)) converges too. Now from (9.13) which can be written as 


Uk — H*N;H (vk) — 


we infer that the corresponding subsequence of (vz) is convergent. Thus E 
satisfies the (PS)r condition. m 
Theorem 9.2 yields the following result. 


Theorem 9.4 Assume all the assumptions of Theorem 9.8 hold. In addi- 
tion assume that 


zah- f FaH) <0. (9.14) 


Then (9.1) has at least two non-zero solutions u € LP (Q; R”) of the form 
u = H (v) with |v|a < R. 


Proof. Notice J maps bounded sets into bounded sets as follows from 
(7.7). The result is now a simple consequence of Theorem 9.2. m 


Remark 9.2 If p> 2, a sufficient condition for (iii) is the following one: 
(iii*) there is a vy € L? (Q; R”) \ {0} such that (9.14) holds, 


if (x,2)| < a (1 + lP) (9.15) 
for a.e. x E Q and all z € R”, where a € R+, and 


lim 22)! _ 9 (9.16) 
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uniformly for a.e. x E€ Q. 


Indeed, (9.16) implies that for any given € > 0 there is a ô = ô (e) > 0 


such that 
|f (z,z)| <e lz] for a.e. cE and |z| < ô. 


For |z| > ô, from (9.15) we deduce 
(oe 

p—1 
(Erur) 


= e(e) |z}. 


IA 


|f (2, 2)| 


IA 


Here c(e) = a (tP +1) > 0. Hence 
|f (x, 2)| < e |z| + e (€) |2P™ 

for a.e. x E€ Q and all z € R”. Now using (7.7) we obtain 

1 

E(w) = tpw- JH (o) 
1 
5 lo — f E O El Eao (2) H 0) (2))| do 
1 — 
zw- f IH OI (elE O)|+ (©) |H OP) da 
Q 


- . wl? — e |H (v)? — c (£) |H (w) 


IV 


IV 


Since 


H (v) (H (v), H (v))a = (H*H (v) ,v)2 
|H*| |H] lvl 


IA 


and 
|H (v)|, < c |vla 


because H is bounded, we deduce 


V 


1 ‘ _ 
Biv) > zlĝ-elH* H] wl -2() wh 


1 , E 7 
(Z-A -20 wg?) lo 
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Now we choose any € > 0 such that 


1 
= ~€|H*||H| > 0 


and an r > 0 small enough so that 
1 
r< vil, 5 — e€ |H*| |H| — z (£) r”? > 0 
(recall p > 2). Then 
E(v)>0 for wj =r. 
This together with (9.14) guarantees (9.11). 


Remark 9.3 Assume H : L? (Q; R”) — L (Q; R”) is bijective. Then, 
by the theorem on the continuity of the inverse operator (see Brezis [5], 
Corollary II.6) there are constants a, > 0 such that 


a [vla < |H (v)l, < Blulg, vE L (Q; R”). 
Now a sufficient condition for (iv) is to exist an R > |vj|. with 
Alap (lola + cøP-LRP-1) <aR. 


Here |A|, p is norm of A as operator from L4 (Q; R”) to L? (Q; R”), whilst 
g € L! (Q; R+) and c € R, come from the (p, q)-Carathéodory property of 
f, i.e., 

If (z,z)| < g(x) + elzP 7 


for a.e. x E Q and all z € R”. 
Indeed, if v € L? (Q; R”) satisfies |v|, = R then 


IANA (v)|, < llap NE (la 


< Alay (lglg + cE 0B) 
< Alap (Igla + 687R) 
< aR 

< |H (w) 


This guarantees (9.12) for all A € (0,1). 


Similar results for the existence of solutions in a ball of L? (Q; R”) are 
presented in Precup [31], [32] by means of a mountain pass theorem on closed 
convex sets owed to Guo—Sun-—Qi [16]. 
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9.3 A Localization Result for Nontrivial Solutions 


The results presented in the previous two sections can also be viewed as 
theorems of localization of the nontrivial solutions in balls. In this section 
we try to localize solutions in a shell. The main idea for the localization of 
a solution to equation (9.1) in a shell of X consists in finding two numbers 
Ro and R with 0 < Ro < R such that all the assumptions of Theorem 9.1 
hold in the ball of X of radious R and (9.3) has no solutions v satisfying 
0 < |vly < Ro. Then, of course, (9.1) will have a solution u € Y of the 
form u = H (v), with ve X and 


Here we present just an example of a problem for which such a localization is 
possible. The ideas in this section were adapted from Precup [34]. Naturally, 
an open problem is to give extensions for other nonlinear problems. 

The problem we deal with is the semi-linear Dirichlet problem 


—Au = |u? u in Q, 
(9.17) 


u = 0 on OF). 


It is known (see Struwe [42], Theorem II.6.6) that if Q c R is a smooth 
bounded open set, N > 3 and 2 < p < 2* = 2N/ (N — 2), then (9.17) 
admits an unbounded sequence (uz) of solutions uz, € Wo” (Q). Here we 
shall only localize one of the solutions, in a shell. 

In context we shall obtain an upper bound for the quantity 


Jolu? Vult de | we Ct (®) \ {0}, 
(J jul??? de)” u=0 on OQ 
Q 


For p = 2, à is the first eigenvalue of the Laplacian —A under the 
Dirichlet boundary condition, and 1/Àı represents the best constant in 
the Poincaré’s inequality (see Precup [30], Theorem 3.59). For p > 2 and 
N = 1 this quantity arises in the study of compactness properties of integral 
operators on spaces of functions with values in a Banach space (see Precup 


[33]). 


Ap—1 = inf (9.18) 


The topics in this section require a previous knowledge of linear partial 
differential equations. 
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We now recall some well known results from the theory of linear elliptic 
boundary value problems. 

(P1) Let Q c RÀ be a bounded open set with C?-boundary. The Lapla- 
cian —A is a self-adjoint operator on L?(Q) with domain W2?(Q) N 
WS 2 (Q) (see Precup [30], Theorem 3.33). It can be regarded as a con- 
tinuous operator from W24 (Q) NW’? (N) to L4 (N) for each q € (1,00). 
Moreover, —A is invertible and 


A := (—A)7? 


is a bounded linear operator from L4 (Q) to W24 (Q) (see Brezis [5], The- 
orem 9.32). Also, A as an operator from L?(Q) to L? (Q) is positive, 
self-adjoint, and completely continuous. 


(P2) (Sobolev embedding theorem) Let 2 C R be a bounded open set 
with Lipschitz boundary, k € N, 1 < q < oo. Then the following holds: 


(1°) If kq < N we have 
W4(Q) c E (Q) (9.19) 


and the embedding is continuous for r € [1, Nq/ (N — kq)| ; the embedding 
is compact if r € [1, Nq/ (N — kq)). 

(20) If kq = N, then (9.19) holds with compact embedding for r € 
[1, 00). 

(3°) If O0< m<k—N/q<m+1 we have 


W'4(Q) c ome (Q) (9.20) 


and the embedding is continuous for 0 < œa < k — m — N/q; the embedding 
is compact if a < k — m — N/q. 

The above results are valid for wë 1 (Q) spaces on arbitrary bounded 
domains 2 (see Adams [1], Struwe [42] p 213, or Brezis [5] pp 168-169). 


(P3) Let Q C R” be a bounded open set with C?-boundary. Let po = 
2N/ (N — 2) if N > 3 and po be any number of (2,00) if N = 1 or N =2. 
Let go be the conjugate of po. Clearly, po € (2,00) and qo € (1,2). From 
(P1), (P2) we have that A has the following properties: 


) 
(a) A: LI (Q) — L? (Q) for every q € [qo, 2], 1/p+1/¢ = 1; 
(b) A is continuous from L4 (Q) to L? (Q) for every q € [qo, 2], 1/p + 


1/q=1; 
(c) as a map from L? (Q) to L? (Q), A is a positive self-adjoint oper- 
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Indeed, A is continuous from L4 (Q) to W24 (Q). On the other hand 
W*4(Q) c LP (Q) 


with continuous embedding. This is clear if q > N/2. For q < N/2 and 
1/p+1/q=1, observe that 


< 2N espe Nq 
P> N? PS Nq 


According to Theorem 6.2 the properties (a)-(c) are sufficient for that the 
operator A considered from L1(Q) to LP (Q), where p € (2,po) and 
1/p+1/q=1, admits a representation in the form 


A= HH" 
where 
H:1?(Q) > LP(Q), H(v) = Al? (v) 
and 
H* : L9 (Q) > L? (Q) 


is the adjoint of H. Notice H is injective since A is positive defined. 
In what follows by |H| we shall mean 


|H| = sup{|H (v)|,: v € L (Q), |v|, = 1}. 
Our first result gives a lower bound for all nontrivial solutions of (9.17). 


Theorem 9.5 Let 2 be a bounded open set of RX with C?-boundary and 
let p € (2,2N/(N —2)) if N > 3, pE (2,00) if N=1 or N =2, and let 
q be the conjugate of p. If u € W23 (Q) AW," (Q) is a non-zero solution 
of (9.17) , then the function 


v= H* (ul? u) = H! (u) 


satisfies 
lvla > IHI [p — 1) Apa PO. (9.21) 


Proof. Let us first prove that any solution of (9.17) belongs to C1 (Q) . 

For N = 1 this follows from (9.20) (choose a = 0, m = 1 and k = 2). 
Assume N > 2 and fix any number qo > N (p—1). If q > N/2 then 
(P2) guarantees u € L! (Q). Assume q < N/2 and denote qi = q. Since 
u € W> (Q) and q < N/2, from (9.19) we have u € L% (Q), where 
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q = Nqı/ (N —2q). Then |u? u € L2/@-) (Q). Let qo = qi/(p—1). 
Since u= A (ie u) and |u? u € L2 (Q), from (P1) we have that 
u E€ W*2 (Q). If q2 > N/2, as above u € L® (N); otherwise we continue 
this way. At the step j we find that 


(9.22) 
where q1, q2,...,qj—=1 < N/2 (j > 2). We claim that there exists a j with 
q; > N/2. To prove this, assume the contrary, that is q; < N/2 for every 
j > 1. Using p < 2N/(N — 2) we can show by induction that the sequence 
(q;) is increasing. Consequently, q; — q € [q, N/2] as j > co. Next, from 
(9.22) we obtain 


qj (N _ 2q;-1) (p — 1) = Nq;j-1. 


Letting j — œo this yields g (N — 2q) (p — 1) = N@ and so 


_ N(p-2) 
2(p—1) 
> q=- 


This implies p > 2N/(N — 2), a contradiction. Thus our claim is proved. 
Therefore u € L® (Q). Furthermore, |u? u € L®/(-1) (Q), and since 


u=A (uP? u) we have u € W2%/(P-1) (Q). Since qo/ (p — 1) > N, by 
(9.20) one has W-%/(®-)) (Q) c C1 (Q) (choose œ = 0, k = 2, m = 1). 
Hence u € C! (Q) as claimed. 

Let u= A (Iu? =+) , where u is a non-zero solution of (9.17) and let 


v = H™! (u). Clearly, like u, ū € C! (Q) and ū = 0 on ON. By the weak 
maximum principle we have 


jul <@ on Q. (9.23) 


Hence 
—AG = |ul?* < jupa. 


If we ‘multiply’ by uw?—! and ‘integrate’ on 2, we obtain 


(p — 1) J ur? |Vul? dx < J lu|?~* udr. (9.24) 
Q Q 
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Now, Holder’s inequality yields 


2/p (p—2)/p 
J juj- adz (/ waz (| u|? dz) (9.25) 
Q Q Q 
> 2/p 
H (v) p? ( J TP aa) , 
Q 


Since |H (v)|, < |H||v|,. and by (9.23) one has ŭ # 0, from (9.24) and 
(9.25) we deduce that 


IA 


| 


—2) \p—2 
(p — 1) Ap-1 < |HP Jol, 


that is, (9.21). m 
The main result in this section is the following existence and localization 
theorem. 


Theorem 9.6 Let 2 be a bounded open set of RY with C?-boundary and 
let p € (2,2N/ (N — 2)) if N > 3, and p E (2,00) of N=1 or N =2. 
Then the problem (9.17) has a solution u with 


JHI [(p — 1) àp-1] C7? < |H (u)|, < [APP (9.26) 


Proof. First notice the left inequality in (9.26) is true for all non-zero 
solutions of (9.17) according to Theorem 9.5. Next we prove that for each 


R>r= |H? P-2) 
(9.17) has a solution u such that 
|H (u)|, < R. (9.27) 
The equation (9.17) can be put under the form (9.1), where N = Ny and 
f(z,z)=|z/P?z (cE, zER). 


Also j 
F (z,2) = —|z/?. 
(x, 2) z! 


Thus the Golomb functional E : L? (Q) — R is given by 
l 2 1 
sl = | |H (Pade 


= 3P- ZIE Og: 


E (v) 
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As in the proof of Theorem 9.3 we can show that E satisfies the (PS)pr 


condition. 
If for this R the Leray-Schauder boundary condition (9.7) does not 
hold, then there are v € L? (Q) and A € (0,1) such that |v|, = R and 


v= AH*NH (v). 
It is easy to see that the function ọ = \!/-2)y satisfies 
v= H*NH (w), 
i.e., U is a critical point of EF. Clearly 
0 < |u|, < lvl = R. 


Then u = H (v) is a solution of (9.17) and satisfies (9.27). Assume now 
that (9.7) holds for this R. We claim that the energy inequality (9.6) also 
holds with a suitable vı € L? (Q) satisfying r < |v1|, < R. To prove this 
we fix any à € (r, R] and we choose a p > 0 sufficiently small so that 


DA) +X < dlr), (9.28) 


where 


2 


Notice r is the maximum point of ¢, ¢ is increasing on [0, r] and decreasing 
on [r,oo). Now we choose a function vz € L? (Q) with |ve|, = 1 and 


1 1 
(o) = ~0* — oP |HP, o E Ry. 
p 


H (v2)? > |HP — p. 


Then (9.6) holds for vı = Ava. Indeed 


1 1 
E (vj) E (Av2) = z% — al |H (v2) E (9.29) 
1 1 1 1 
< =)? — AP |HP + -Xp = (A) + =p. 
5 p H| po’ (A) p?P 


Also, for every v € L? (Q) with |v|, =r we have 


E(v) = =r*—-=r?|H (rto) H (9.30) 


IV 
| 
3 
| 
| 
3 

3 
ç 

5 

| 
ASS 
= 
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Now (9.29), (9.30) and (9.28) guarantee (9.6). Thus all the assumptions 
of Theorem 9.1 hold and so there exists a non-zero critical point v of E 
with |v], < R. Therefore for each R > r (9.17) has a solution u € LP (Q) 
satisfying (9.27). 

Finally, for each positive integer k we put R = r+1/k to obtain a 
solution uz with 


1 
|H? (ux) |, < r+ k? 


and the result will follow via a limit argument. m 


Remark 9.4 From (9.26) we have the inequality: 


aoc l 
-1 S ——— > . 
P (p—1)|H/ 


The next inequality of Poincaré type shows that 
Ap—1 > 0 


for p E€ [2,2N/(N — 2)] if N > 3 and for p € [2,00) if N = 2. Moreover, 
its proof connects Ap_1 to the embedding constant of Wo 2 (Q) into L? (Q). 


Theorem 9.7 Let QC R™ be bounded open and let p € [2,2N/(N — 2)] 
if N > 3, and p E [2,co) if N = 2. Then there exists a constant c > 0 
depending only on p and Q, such that 


2/p 
(| bul? /? de) < ef lu |? [Vu] dx (9.31) 
Q Q 


for all ue CI (Q) with u=0 on ON. 


Proof. According to (P2), we have Wo 2 (Q) c L (Q) with continuous 
embedding. Hence there exists a constant co > 0 such that 


lp < co Mly22) for all v € Wo” (9). 


1/2 
_ 2 
lwazi) = y [Vo] de) . 


Since C§° (Q) is dense in w ? (Q) we may assume that 


Here 


Co = sup flol, : vE Co (Q) ; liwio) = 1} . 
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The space C§° (Q) is also dense in {u Ec! (Q) :u=0 on an} , and so 


Ap-1 


2/p 
= (sn l ¢ ul? /? ir : u E C9 (Q), J jul? |Wul? dr = ib) 
Q Q 


After substituting v = (2/p) |ul?/? we obtain 
2\? 9 oo -1 
(=) (sup {lo : v E CF (Q), vlwa2in) = 1) 


9 \2 
= Ga) 
Thus (9.31) holds with the smallest constant 


=E) 
C = = —- 
2 >] 


—1 


Ap-1 


and the proof is complete. m 

For other applications of variational techniques to integral equations and 
boundary value problems for various types of equations, see Conti—Merizzi— 
Terracini [9], Dinca—-Jebelean—Mawhin [11], Mawhin—Willem [23], Moroz- 
Vignoli—Zabreiko [24], Moroz—Zabreiko [25], [26], Pascali [28], Precup [29], 
Rabinowitz [36], Radulescu [37], Ricceri [38], Struwe [42] and Zeidler [45]. 


Part III 


ITERATIVE METHODS 


Chapter 10 


The Discrete Continuation 
Principle 


The Banach contraction principle was generalized by Perov (see Perov- 
Kibenko [40]) for contractive maps on spaces endowed with vector-valued 
metrics. Also, Granas [25] proved that the property of having a fixed point 
is invariant under homotopy for contractions on complete metric spaces. 
This result was completed in Precup [50] (see also O’Regan—Precup [38] and 
Precup [51], [52]) by an iterative procedure of discrete continuation along 
the fixed points curve. This chapter presents a variant for contractive maps 
on spaces with vector-valued metrics, first given in Precup [54]. 


10.1 Perov’s Theorem 


Let X be a nonempty set. By a vector-valued metric on X we mean a map 
d: X x X — R” with the following properties: 


(i) d(u,v) > 0 for all u, v € X; if d(u,v) =0 then u= v; 
(ii) d(u,v) =d(v,u) for all u,v € X; 
(iii) d(u,v) <d(u,w)+d(w,v) for all u, v, w € X. 


Here, if x, y € R”, £ = (21, 22,...,2n), Y = (Y1, Y2,--) Yn), and cE R, 
by x < y we mean that x; < y; for i = 1,2,...,n, whilst by x < c we 
mean that x; < c for all 7. Also x < y stands for z; < y;, i = 1,2,...,n, 
and x < c for 7 < c, i = 1,2,... n. For a vector x = (£1, £2,..., £n) we 
write z = œ if x; = & for all i. 

A set X endowed with a vector-valued metric d is said to be a gener- 
alized metric space. For the generalized metric spaces the notions of a con- 
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vergent sequence, Cauchy sequence, completeness, open subset, and closed 
subset are similar to those for usual metric spaces. 


Definition 10.1 Let (X,d) be a generalized metric space. A map T : 
X — X is said to be contractive if there exists a matrix M € Mnxn (R+) 
such that 

M! 50 as k> © (10.1) 


and 


d(T (u),T (v)) < Md(u,v) (10.2) 


for all u, v E€ X. A matrix M which satisfies (10.1) is said to be convergent 
to zero. 


Lemma 10.1 Let M € Mnxn (R+). The matrix M is convergent to zero 
if and only if I— M is non-singular and 


(I—-M)'t=I+M4+M?+.... (10.3) 
Here I is the unit matriz of order n. 


Proof. Assume first that M is convergent to zero. To show that [-M 
is non-singular it suffices to prove that the linear system 


(I-M)z=0 


has only the null solution. Assume z € R” is a solution of this system. 
Then 
z = Mz=M?z=...=M*z=... 


and letting k — oo we deduce z = 0. Hence J — M is non-singular. 
Furthermore, (10.3) follows from the identity 


I—(I-M) (1+ M+M?+...4+M*) = MP+H. (10.4) 


Conversely, if J — M is non-singular and (10.3) holds, then from the con- 
vergence of the series (10.3) we conclude that M* > 0 as ko. m 


Remark 10.1 Property (10.1) is also equivalent to the property of the 
eigenvalues of M that they are all located inside the unit disc of the complex 
plane (see Rus [55], Theorem 4.1.1). 
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Remark 10.2 From (10.3) we have that 
z<(I-M)'z 
for every z € R}. In particular, the set 
Py ={zE€R”":z>0 and (I—-M)z>0} 
is nonempty and coincides with the set 
{ (I= M)~* z : 29 E R”, z> o}. 
Indeed, if zọ € R” and zo > 0 then 
z:= (I - M)? 20 > 20, 


and so z > 0. In addition (I — M)z = 2. Hence (I—M)z > 0 and 
so z € Py. Conversely, if z € Py then zo := (I — M)z > 0 and z= 
(I — M)~* z. 


Remark 10.3 Assume that M is a matrix convergent to zero. A subset 
U cC X is open if and only if for each u € U there is a p € Py such that 
v € U whenever d(v,u) < p (take p = €po for any po E Py and e > 0 
sufficiently small). 


Theorem 10.1 (Perov) Let (X,d) be a complete generalized metric space 
and T : X — X be contractive with the Lipschitz matrix M. Then T has 
a unique fixed point u*, and for each up E X one has 


d (T (uo) u) < M* (I — M)! d (uo, T (uo)) (10.5) 
forall kEeN. 
Proof. Let uo be any element of X. Define a sequence (ux) by 
uk+1 =T (uk), KEN. (10.6) 


Then from (10.2) 
d (uk, uk41) < M*d (uo, u1) 


and, as a consequence, 


d (uk, Uk+m) < (uu 4+ MEH.. mim) d(uo,u1). 
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Using (10.3) we deduce that 
d (uk, uk+m) < M* (I — M)~* d(uo,u1). (10.7) 


Hence (uz) is a Cauchy sequence. Let u* be its limit. Then from (10.6) we 
have u* = T (u*), whilst from (10.7) and letting m — oo we obtain (10. 5). 
For uniqueness let wu ,ug be two fixed points of T, then 


dlu, u) =d (r* (u1), TF (ua)) < M*d (u1, u2). 


Since M* > 0 as k — œo, this implies d (u1,u2) = 0, so uj = ug. E 
For some applications of Perov’s theorem to systems of integral equa- 
tions, see Avramescu [3], Perov-Kibenko [40] and Rus [55]. 


10.2 The Continuation Principle for Contractive 
Maps on Generalized Metric Spaces 


The main abstract result of this chapter is the following theorem from Precup 
[54]. 


Theorem 10.2 Let (X,d) be a complete generalized metric space where d : 
X x X +R” and let U be an open set of X. Let H : U x [0,1] — X and 


assume that the following conditions are satisfied: 
(al) there is a matrix M € Mnxn (R+) convergent to zero such that 


d(H (u,),H (v, A)) < Md(u,v) (10.8) 


for all usu EU and à € [0,1]; 

(a2) H(u,A)#u for all we OU and A€ [0,1]; 

(a3) H is continuous in À, uniformly for u € U, i.e., for each £ € (0,00) 
and A € [0,1] there is a p € (0,00) such that 


d(H (u, à), H (u, u)) <€ 


whenever u €U and |À — u| < p. 

In addition assume that Ho := H (.,0) has a fired point. Then for 
each A € [0,1] there exists a unique fixed point u(XA) of Hy := H(.,A). 
Moreover, u (à) depends continuously on and there exists r € Py U{oo}, 
integers m, kı, ko, ..., km_1 and numbers 


0 < Ay < A2 <... < Am_1 < Am = 
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such that for any uo E X satisfying d(uo,u(0)) < r, the sequences (u;i)i>0, 
7=1,2,...,m, defined by 
U1,0 = Uo 
Ujit1 = A, (uji), i = 0, 1, vee 
Uj+1,0 = Uj,k;) 7=1,2,...,m—1 
are well defined and satisfy 
d(uyi, u(Aj)) < M* (I — M)~* d(ujo, Hy, (ujo)), iE N. (10.9) 


Proof. Step 1. First we prove that for each A € [0,1] H) has a fixed 
point. Let 


A= {A € [0,1]; H (u,A) =u for some u € U}. 


We have 0 € A by the assumption that Ho has a fixed point. Hence A is 
nonempty. We will show that A is both closed and open in [0,1] and so, 
by the connectedness of [0,1], A = [0,1]. 

To prove that A is closed let A, € A with Ay — A as k — oo. Since 
Ay € A there is ug E U so that H (uk, Ax) = ux. Then by (10.8) we obtain 


d(u,,u;) = d( 
< d 


It follows that 
(uz, uj) < (I — M)~* [d(H (ug, Ax) , H (uk, A)) + d(H (uj, A), H (uj, A;))] . 


This shows by (a3) that (ux) is a Cauchy sequence. Then since X is com- 
plete there is a u € X with d(uz,u) — 0 as k — oo. Clearly u € U. 


Then 
d (uz, H (u, A)) > d (u, H (u, A)) 


and, from (10.8) and (a3), we have 

d(H (uk, Àk), H (u, A) 

d(H (uk, Ax), H (u, àk)) + d(H (u, Ax), H (u, A)) 
Md (ug, u) + d(A (u, Ax) , H (u, A)) > 0. 


d (ux, H (u, A)) 


| 


IA IA 
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Hence d(u, H (u,A)) = 0, that is H(u,A) = u. By (a2) u € U, and so 
AEA. 

To prove that A is open in [0,1] let y E A and w € U such that 
H (w,p) = w. Since U is open there exists a p € Py (see Remark 10.3) 
such that 

d(u,w) <p implies u €U. 
Also, by (a3) there is 7 = n (p) € (0,00) such that 
d(w,H (w, à)) = d(H (w, u), H (w, à)) < I — M) p (10.10) 

for |À — u| < n. Consequently 


d(w,H(u,rA)) < d(w,H (w,A))+d(A (w,à),H (u, A)) 
< (I-M)p4+Md(u,u) < p 


whenever d(w,u) < p and |A—p| < 7. This shows that for |A — u| < n, 
H, sends B into itself, where B = {u € X : d(w,u) < p}. Notice (B, d) 
is a complete generalized metric space. Hence for |A — u| < n, by Theorem 
10.1 H) has a fixed point u (A) € B C U. This shows that p is an interior 
point of A and hence A is open in [0,1]. Notice for every u € B and 
[A — u| < n, we also have by Theorem 10.1 that the sequence (H¥ (u))x>0 
is well defined and 


d(H¥ (u), u (A)) < MF (I — M)'d(u,Hy(u)), KEN. 


Step 2. The uniqueness of u (A) is a consequence of (10.8). Indeed, if 
u,v E U are fixed points of H, then since the elements of M are nonneg- 


ative, we have 
d (u,v) d(H (u, A), H (v, à)) 
Md (u,v) 


M?d (u,v) 


IA IA 


M*d(u,v)—>0 as k —> o. 


IA 


Hence d(u,v) =0, and so u = v. 
Step 3. u (A) is continuous on [0,1]. Indeed, 


d (u (A), u(t) 


= d(H (u(A),A), H (u (u), n)) 
< d(H (u(A),A),H (u (u), à)) +4 (H (u (u) A), H (u (u), u)) 
< Md(u(A),u(u))+ d(H (u (u), à), H (u (u), n)) 
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By (a3) this implies 
d (u (A) ,u (u)) < (T — M)~ d(H (u(u),d),H (u(x), u)) > 0 


as À —> UL. 
Step 4. Finding r. For any p € [0,1] and each 7 € {1,2,...,n} let 


ri (u) = inf {d; (u,u(w)): u € X \ U}. 


Here d = (dı, dg, ..., dn). Since u (u) € U and U is open, r; (u) > 0. We 
claim that 
inf {r; (u): u € [0,1]} > 0. (10.11) 


To prove this let us assume the contrary. There are then ug € [0,1] such 
that ri (uk) — 0 as k — oo. Clearly we may assume that uk —> u for some 
u € [0,1]. Then from the continuity of u (A) we have 


di (u (u+) ,u (u)) < $ri (u), k> ki: (10.12) 


On the other hand, since r; (uz) — 0 as k —> ov, 


1 
ri (Uk) < 5% (u), k>ke. (10.13) 


Let ko = max {k1, k2}. By (10.13) and the definition of r; (Mko) as infimum, 
there is u € X \U with 


di (u, u (Hko)) < 57i (u) . (10.14) 
Then, from (10.12) and (10.14), we obtain 


di (u, u (1) < di (u, u (Hko)) + di (u (9) , U ()) 


< 2- Sri (4) = ri (4), 
a contradiction. Thus (10.11) holds as claimed. Now we choose any r; > 0 
less than the infimum in (10.11), with the convention that r; = oo if the 
infimum equals infinity; this happens when U = X and so all the r;’s are 
finite or all equal infinity. Then take r = (rq, ra, ..., Tn). If r € (0, 00)” we 
may assume that r € Py (otherwise, replace it by the vector e (I — M jT r 
with £ > 0 small enough so that e (I — M)~'r <r). 


158 Chapter 10 


Step 5. Finding of m and 0 < A1 < A2 <...,Am_1 < 1. If r = œ take 
h = 1; if r € Py let h=7n(r), where 7(r) is chosen as in (10.10). Then 
by what was shown at the end of Step 1 for each p € [0,1], 


d(u,u(u))<Sr and |A—pl<h imply 
(H$ (u))k>o is s well defined and (10.15) 
d(H¥ (u),u(A)) < MF (I — M) d (u, Hy (u)), KEN. 


Now we choose any partition 
0 = ào < Ay <... < Am_-1 < Am = 


of [0,1] such that Aj41 — A; < h, j = 0,1,... m — 1 (it is clear that m = 1 
when r = o0). 
Step 6. Finding of the integers ky, ko, ..., km-1. From 


d (ui 0, U (0)) = d (ug, u (0)) < r, À1 — Ao < h, 


by (10.15) we have that (u1,),., is well defined and satisfies (10.9). By 
(10.9), we may choose kı € N such that 


d (uik u (A) <r 


Now 
d (u20, u (à1)) = d (u1, U (A1)) ST, A2— AL SA, 


and we repeat the above argument in order to show that (uoi),.) is well 
defined and satisfies (10.9). In general, at step j (1 < j < m — 1) we choose 
k; E N such that 

d(uj,k; U(A;)) <r. 


Then since 
d(uj+1,0, U(A;)) = d(uy, kj» u(Aj)) ST, Aj+1— Aj SA, 


by (10.15) we have that the sequence (u;+1,:)i>0 is well defined and satisfies 
(10.9). m 
The above proof yields the following algorithm for the approximation of 
u(1) under the assumptions of Theorem 10.2: 
Suppose we know r and h and we wish to obtain an approximation u 
of u(1) with 
d (U1, u (1)) [LE 
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for some € € (0,00). Then we choose any partition 
0 = Ap < At < A2 < o. < Am-1 < Am =1 


of [0,1] with Aj+1 — à; < h, j = 0,1,...,m — 1, any element uo with 
d (uo, u (0)) < r and we follow the next: 


Iterative procedure: 
Set ko :=0 and uo,ko := uo; 
For j := 1 to m—1 do 
ujo >= Uj—1,kj—1 
1:=0 
While M’ (I — A)~* d(ujo, Hy, (ujo)) £ r 
Uzit1 = Hy, (uji) 
ti=t4+1 
k; =1 
Set i :=0 
While M* (I — M)~* d (um 0, Hi (um 0)) £ € 
Um, iti = Hy (Umi) 
i:=1i+1 
Finally take Uy = Umi- 
Notice for n = 1, Theorem 10.2 reduces to Corollary 2.5 in Precup [50]. 
For other continuation results involving generalized contractions, see 
Agarwal—O’Regan [1], Frigon [23] and Precup [53]. For some related topics 
and applications, see Rus [56], Serban [58] and Tsachev—Angelov [59]. 


10.3 Hammerstein Integral Equations with 
Matrix Kernels 


In this section we give an application of Theorem 10.2 to the Hammerstein 
integral equation in R” 


u (z) = J « (x,y) f(y,u(y)) dy, ee, (10.16) 


in the case that the kernel k has matrix-values, i.e., 
K: Q? — Maixn (R) », A= [Kij] . 


The usual Hammerstein equation in R” with a scalar kernel appears as 
a particular case of (10.16) when «i; = 0 fori Æ j and ki = kjj for all 
i,j € {1,2,...,n}. 
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The simplest examples of problems which allow us to systems of the form 
(10.16) with matrix kernels are the boundary value problems for differential 
equations of order > 2. For instance, the problem 


u” =g(az,u,u’), x € [0,1] 
u(0)=0, u’(1) =0 


can be put in the form (10.16) if we let n = 2, uy =u, ug=vu, 


0, 
K22 (x,y) = l —] 


yYy<T 
Yor 


lyse 
0, y>r ’ 


k11 (£,y) = l 


K12 = K21 = 0, 
and 
fi (v, U1, u2) = u2, fo(z,u1, U2) = g (£, u1, U2). 


Before we state the main result we introduce the following notations. 
For an element z € R”, z = (21, 22, ..., Zn) we let 


lell = (zil, zzl, -o [2nl)- 


Also, for a function u € D (Q; R”) (Q C R“ open, 1 < p < 00) , u = 
(u1, U2, ..., Un) we let 


lul, = (talp; lu2lp> > lunlp) ; 


Clearly ||.||, ||-||, are vector-valued norms in R” and L? (Q; R”) , respectively. 
Endowed with the vector-valued metric 

dp (u,v) = |lu — vllp 
L? (Q; R”) is a complete generalized metric space. Similarly, if Q C RY 
is bounded open then (C (Q; R”) , doo) is a complete generalized metric 
space. 


We now state and prove a general existence and uniqueness principle for 
(10.16). 


Theorem 10.3 Let QC RY be a bounded open set, k : Q? — Mnxn (R) 
measurable and f : Q x R” — R”. Assume that there are p € [1,00], 
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q € [1,c0), p > q, and an open subset U of (1r (Q; R”), l-l) containing 


the origin, such that the following conditions are satisfied: 


(a) if1<p<œ then ki; (x,.) € L” (Q) fora.e.x EQ, and 
the map x+— |rij (x,.)|, belongs to LP (Q) (1/q+1/r =1); 
(b) ifp=oo then rij (x,.) E€ L" (Q) for every rE, and 
the map r — ki; (x,.) is continuous from Q to L" (Q); 
(10.17) 
f satisfies the Carathéodory conditions, f (.,0) € L1 (Q; R”) and 
If (£21) — f (2,22) < L (2) a — zoll for a.e. £ € 9, 
| all z1,22 E R”, and some L € LP4/(P-9) (Q; Mnxn (R+)). 


(10.18) 
Let M = [Mix] , 
Mik = >, |f; (2, Jll [Likl pq/(p—) 
j=1 
and assume M is convergent to zero. In addition assume that 
u EU (10.19) 
for any solution uE U to 
u(r) = a f k(x, y) f(y,u(y))dy ae. on Q, (10.20) 
Q 


for each à € [0,1]. Then (10.16) has a unique solution u € U C L (Q; R”). 
Moreover, u € C (Q; R”) for p= œ. 


Proof. We note that by pq/(p—q) we mean œ if p =q, and q if 
p= œ. We apply Theorem 10.2 to X = L? (Q; R”) with vector-valued norm 
l-l and H : U x [0,1] — L (Q; R”) given by 


H(A E) =A f (eu) ud (z € 2). 
From (10.18) we have 
IF (x, 2) < [If (e,0)|| + £ (2) lle). 


Hence 


If (2, 2)| < [fe (@,0)| + X Ly (2) lz; (10.21) 


j=l 


162 Chapter 10 


By Young’s inequality 


p—q -q) 4 
Lig (2) |z| < hig (2)? P=9 +. 7 zP. 


Since f; (0), Li ()P P79 € L9 (Q), from (10.21) we obtain that 
F (Œ) < g (x) + ela)" 


for some g € LI (Q) and c > 0. Hence f is (p,q)-Carathéodory, and so 
the Nemytskii operator associated to f maps LP (Q; R”) into L4 (Q; R”). 
From (10.17) we see that the Fredholm linear integral operators of kernels kij 
maps L7(0;R”) into L?(Q;R”). Hence H is well defined. Furthermore, 


|H; (u, A) (x) — Hi (v, A) (x)| 


< f Y lru EDI wu) -h od 
j=1 
< J S Isis (x,y) Lyr (y) lur (y) — ve (y) | dy 
Q j=1 k=1 
< > > [ris (2, -)|, Lak lpg/(p—a) Me — Yelp 
k=1j=1 
Consequently 


>, >, lay (2, Delp LE 5k pq/(p—q) [He = Yelp 


k=1 j=1 


- 
= X Mik [uk — velp - 
k=1 


|H; (u, A) — H; (v, A)| 


IA 


p 


Thus 
|H (u, A) — H (v, Allp < M llu — vllp - 

Now the conclusion follows from Theorem 10.2. The cases p = co and p= q 
are left to the reader. m 

Notice that for Volterra-Hammerstein integral equations with matrix 
kernels one can use a similar argument to that in the proof of Theorem 5.6 
in order to apply directly Perov’s theorem. 

For an extension of Theorem 10.2 to spaces with two vector-valued met- 
rics and some applications to systems of abstract Hammerstein integral equa- 
tions, see O’Regan—Precup [39]. 


Chapter 11 


Monotone Iterative Methods 


The basic notion in this chapter is that of an ordered Banach space. We 
try to localize solutions of an operator equation u = T (u) in an ordered 
interval [uo,vo] of an ordered Banach space X. In addition we look for 
solutions which are limits of increasing or decreasing sequences of elements 
of X. The basic property of the operator T is monotonicity. This com- 
bined with certain properties of the ordered Banach space X guarantees 
the convergence of monotone sequences. Thus we may say that this chapter 
explores the contribution of monotonicity to compactness. 


11.1 Ordered Banach Spaces 


There is a vast literature in ordered linear spaces and in ordered Banach 
spaces, in particular. We refer the reader to the books of Cristescu [17] and 
to Chapter 6 in Deimling [20]. Our aim for this section is just to introduce 
the reader to the theory of ordered Banach spaces and of monotone (in 
the sense of order) nonlinear operators. We shall restrict ourselves to those 
notions and results which will be used in the next sections. 


Definition 11.1 Let X be a linear space. By a cone K of X we un- 
derstand a convex subset of X such that AK c K for all A € Ry and 
Kn (-K) = {0}. 


The proof of the following proposition is immediate and is left to the 
reader. 


Proposition 11.1 Let X be a linear space and K C X bea cone. The 
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relation <K on X defined by 
u<Kvu ifand only if v- uE K, 


is an order (reflexive, antisymmetric, and transitive) relation on X (called 
the order relation induced by K), compatible with the linear structure of X, 
i.e., whenever ui, vi E X, ui SK Vj;i,t=1,2, and A E€ Ri, we have 


ui + u2 Sg v +v, Au <K AVI. 


Conversely, if < is an order relation on X compatible with the linear struc- 
ture of X, then the set 


K, ={uex:0<u} 
is a cone (called the positive cone) and < = <K}.- 


The above proposition says that there is a one-to-one correspondence 
between the cones of X and the order relations on X which are compatible 
with the linear structure of X. 

Throughout, we shall denote <x by < for short. Also sometimes we 
shall write u < v to indicate that v — u € int K. 


Definition 11.2 A linear space endowed with a cone (equivalently, with 
an order relation compatible with its linear structure) is called an ordered 
linear space. 


Let (X, K) be an ordered linear space. For any u,v € X we define the 
order interval [u,v] by 


(u+ K) Aw- K) 
= {wE X:u<w<v}. 


[u, v] 


Clearly [u,v] is a convex set. 


Definition 11.3 A Banach space endowed with a closed cone is called an 
ordered Banach space. 


In an ordered Banach space any order interval [u,v] is a closed convex 
subset. Moreover, 


0 < uk, Up—u as k — oo implies 0< u. 
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Consequently 
Uk < Uk, Uk > U, Vvk — v implies u <v. 


Thus in an ordered Banach space we may always pass to the limit in inequal- 
ities. All these statements follow immediately from the property of the cone 
of being closed. To have more we need additional properties of the cone. 


Definition 11.4 Let (X, K) be an ordered Banach space and let < be the 
order relation induced by K. We say that: 


1) K is a normal cone if 
0 < uk < Uk, Ve — 0 implies uk — 0. 


2) K is a regular cone if every increasing sequence which is bounded 
from above is already convergent, i.e. 


uk < uk+41 Lv for keN implies (uz) convergent. 
We have the following characterization theorem of normal cones. 


Proposition 11.2 Let (X,K) be an ordered Banach space with norm |.|. 
The following statements are equivalent: 


(a) K is a normal cone. 
(b) The norm |.| is semi-monotone, i.e., there exists a y > 0 such that 


O<u<v implies |u| < lv. 
(c) inf {ju+v|: u,v Ee K, |u| = |v] =1}>0. 


Proof. (a)=>(b): Since K is a normal cone there is a number 7 > 0 


such that 
O<u<v, |v|=7 implies |u| <1. (11.1) 


Indeed, otherwise we would find two sequences (ux) and (vk) with 
1 
0 < uk < Uk, [vk] Tp [ug] > 1. 


But this is contrary to the definition of a normal cone. Let y = 1/n. If 
O<u<v then 


o< netus noo, mo o= n 
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By (11.1) this implies 
nel ul <1. 
Hence |u| < n7*|v| = y|v|. Thus |.| is semi-monotone. 
(b)=>(a): Immediate. 


(b)=(c): For every u,v € K with |u| = |v] = 1, we have 0 < u < u+v. 
Since |.| is semi-monotone, this yields 


1 = |u| < ylu +v]. 
Hence |u + v| > 1/y. Thus 


1 
inf {ju + v|: u,v E K, |u| = W| =1}> -= >0. 
Y 


(c)=(b): Assume (b) is not true. Then there are two sequences (ux) , 
(vk) with 
0 < Uk < Vk, juz | > k |vk]. 


Let 


Uk = lux | Uk, Uk = lup]? Uk. 


Also define 
Wk = |k tT — T| (kiU — Tp) . 


It is easy to check that 

wk E K, |wą| = ley] = 1, [uk +wk|— 0. 
This shows that (c) does not hold. m 
Proposition 11.3 Any regular cone K is a normal cone. 


Proof. Assume the cone K is regular but not normal. Then statement 

(c) in Proposition 11.2 does not hold. Hence we may find two sequences 
(uk), (uk) such that 

Uk, Vk E K, Jukl = a = 1, [uk + up| < OF ` 


Define the sequence (wg) by 


k 
Wk = Uj. 
j=1 
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Clearly we have wą E K and wk < wk4+1. In addition 
Wk < (u; +u) EK. 


Since the cone K is regular (w) is convergent. But 
[Wei — w| = fuk] = 1. 
This contradiction proves that K is a normal cone. m 


Remark 11.1 In an ordered Banach space with normal cone, any order 
interval [u,v] is a bounded set. Indeed, if w € [u,v] then 0 < w—u < v—u. 
The norm being semi-monotone we have 


jw —ul <ylv—ul. 


Example 11.1 Let 2 Cc RY be bounded open. In (C (Q; R”), l-J), the 
set 


K = {fuc C(Q;R"): u(x) >0 on Q} 


is a normal cone. However, it is not regular; for example, take Q = (0,1), 
n=1, and 


(2) = kz, for x€ [0, +] 
wks 1, for re€ [4,1]. 


Clearly up < ukķ4}1 < 1 but (uz) does not converge in C [0,1]. 
Example 11.2 Let Q c R™ be open and let 1 < p < œœ. The set 
K = {u € L” (Q; R”) : u(x) > 0 ae. on Q} 


is a regular cone of LP (Q; R”). For the proof use Beppo Levi’s theorem 
(see Brezis [7], p 55). 


11.2 Fixed Point Theorems for Monotone 
Operators 


Definition 11.5 Let X be a set endowed with an order relation <, and 
let T: D c X — X bea map. We say that T is increasing (or isotone) if 
T (u) < T (v) for u,v € D with u < v. The map T is said to be decreasing 
(or anti-isotone) if T (v) < T (u) for u,v E D with u <v. 
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We now state and prove the monotone iterative principle for increasing 
operators in ordered Banach spaces. 


Theorem 11.1 Let (X,K) be an ordered Banach space, [uo, vo] C X an 
order interval and T : luo, vo] — luo, vo] an increasing continuous operator. 
Assume one of the following conditions: 

(i) K is a regular cone. 

(ii) K is a normal cone and T is completely continuous. 

Then there exist u*,v* € [uo,vo] such that u* < v*, T(u*) = u*, 
T (v*) = v*, (T*(uo)) is increasing and convergent to u*, and (T* (vo)) 
is decreasing and convergent to v*. Moreover, any fixed point of T lies 
between u* and v*. 


Proof. Notice the increasing operator T maps fuo, vo] into itself if and 


only if 
uo < T (uo), T (vo) < vo 
From 
uo < T (uo) < T (vo) < vo 
we find 
uo < T (uo) < T? (uo) < T? (vo) < T (vo) < vo, 
and finally 


uo < T (uo) (11.2) 
< rk (uo) < pk+1 (uo) 


ret (vo) < TF (vo) 


IA 


T (vo) < Vo. 


IA 


Assume (i). Then (11.2) implies the convergence of the sequences (T* (uo)) 
and (T* (vo)). Let u*,v* be their limits. Then from 


TH (u) =T (T* (uo) J 


we deduce that u* = T (u*) since T is assumed to be continuous. Similarly, 


v* = T(v*). 
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Assume (ii). The order interval fuo, vo] being bounded (see Remark 
11.1) and T being completely continuous, we have that T'([uo,vo]) is rel- 
atively compact. Consequently (T* (u0)) ps4 has a convergent subsequence 
(Tř (uo));>1: Let u* be its limit. Clearly u* € fuo, vol. We claim that 
the whole sequence (T* (uo)) >] converges to u*. Indeed, for each £ > 0 
there is a je such that 7 
< £ . 
~1+y¥ 
Here the constant y > 0 comes from the semi-monotonicity of the norm. 
On the other hand, for i > kj, we have 


Te (uo) < T* (uo) < u*, 


re (wo) — u* 


that is | 

0 <T* (uo) — T (up) < u* — Te (uo). 
Then | 

T’ (up) — T* (uo) < ylu* — The (uo) . 
Hence 


IT’ (uo) — ut] < [Ti (uo) — TH (uo)| + Ir% (uo) — u* 


(y+ 1) |T: (uo) = u’ 


E. 


IA IA 


Thus T* (uo) — u* as claimed. Use similar arguments to prove the conver- 
gence of (T* (vo)). 
Now assume that w € |[ug, vo] is a fixed point of T. Then 


uo < T (uo) < T (w) = w < T (vo) < vo 


and in general 
T* (uo) < w < T* (vo). 

Letting k — oo we obtain u* < w < v*. E 

We shall use the following terminology: 

1) An element uo for which up < T (uo) is said to be a lower solution 
of the operator equation u = T (u). 

2) An element vo satisfying T (vo) < vo is said to be an upper solution 
of the equation u = T (u). 

3) The fixed point u* given by Theorem 11.1 is the minimal solution of 
the equation u = T (u) in fuo, vo], whilst v* is the mazimal solution in 


[uo, vo] . 
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Remark 11.2 Under the assumptions of Theorem 11.1, if u* = v* then 
T* (w) > u* for all w € [uo, vo]. 
The next result is an existence and uniqueness theorem. 


Theorem 11.2 Let (X,K) be an ordered Banach space and let |uo, vo] C 
X be an order interval with O < ug < vo such that there is a number A 
with 

A>0, Avo < Uo. (11.3) 
Assume T : [0,vo] — X is increasing on [0,vo], continuous on [uo, vo], 
T ([uo, vol) C fuo, vo] and that there is a function ¢: (0,1) > R such that 


P(A) >A, (A)T (u) < T (Au) (11.4) 


for all A € (0,1), u € [uo, vo]. In addition assume one of the following 
conditions: 


(i) K is a regular cone. 
(ii) K is a normal cone and T is completely continuous. 


Then T has a unique fized point u* in [uo,vo], (T* (uo)) is increasing 
and convergent to u*, (T E (vo)) is decreasing and convergent to u*, and 


T? (w) > u* for all w € [uo, vo]. 


Proof. Let u*,v* be the fixed point of T given by Theorem 11.1. By 
(11.3), 
Av™ < AVO < uo < u”. 


Hence the set {A € (0,1] : Av* < u*} is nonempty. Let 
A* = sup {à € (0,1] : Av* < u*}. 


Clearly, A*v* < u*. If A* = 1 we have finished. Assume A* < 1. Then 
using (11.4) and the monotonicity of T on [0, vo], we obtain 


p (Aa*)u* = O(A*) TW") 
T (X*0*) < T (u*) =u". 


IA 


Since $(A*) > A*, this is in contradiction with the definition of A*. m 
A similar existence and uniqueness result holds for decreasing operators. 
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Theorem 11.3 Let (X,K) be an ordered Banach space and let [uo, vo] C 
X be an order interval with O < uo < vo such that there is a number À 
with 

A> 0, Avg < uo. (11.5) 
Assume T : [0, vo] — X is decreasing on [0, vo], continuous on [uo, vo], 
T ([uo,vo]) C [uo, vo] and that there is a function x : (0,1) — (0,00) such 
that 


x) <$, TOU <xAT (u) (11.6) 


for all A € (0,1), u € [uo, v0]. In addition assume one of the following 
conditions: 


(i) K is a regular cone. 
(ii) K is a normal cone and T is completely continuous. 


Then T has a unique fixed point u* in [uo, vo]. Moreover, the sequences 
T?* (uo)) and (T?**1 (vo)) are increasing and convergent to u*, whilst 
(T?**1 (uo)) and (T?* (vo)) are decreasing and convergent to u*. Also 


T" (w) > u* for all w € [ug, vo]. 
Proof. Since T is decreasing and T ([uo, vo]) C [uo, vo], we have 
uo < T (vo) < T (ug) < vo. 
This implies 
uo < T (vo) < T? (uo) < T? (vo) < T (uo) < vo. 
Finally 


uo < T (vo) 


T2k (uo) < Tek+1 (vo) 


IA 


T2k+1 (uo) < T2k (vo) 


IA 


| < T (uo) < vo. 
As in the proof of Theorem 11.1, 


Tk (uo) > u*, Tek+1 (uo) > v*, ugo < u* < v* < vo. 
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We have 
Let 
A* = sup {A € (0,1): Av* < u*}. 


Then A*v* < u*. We show that A* = 1. Assume X* < 1. Then using (11.6) 
we deduce that 


ve = T(u*) 
< TA") < x (A5) T (v*) 
= x(A*)u*. 


Since xy (A*) < 1/A*, this contradicts the definition of A*. Hence A* = 1 
and so u* = v*. Now, from 


pak (uo) < p2k+1 (vo) < ek (vo) < m2k-1 (uo) 
letting k — co we obtain 
TEH (yy) = u*, T% (vo) > ut. 
Finally, it is easy to conclude that T* (w) — u* for every w € [uo, vo]. m 
The results presented in this section are more or less in connection 


with those established by Amman [2], Guo-Lakshmikantham [27], Heikkilä- 
Lakshmikantham [30] and Krasnoselskii [33]. 


11.3 Monotone Iterative Technique for Fredholm 
Integral Equations 


Consider the equation 
u(a)= f hlenu ()du, reo (11.7) 
Q 
where 2 c R^ is bounded open and h : Q xR” >R”. 


Theorem 11.4 Let uo, vo E C (Q; R”) be such that ug (x) < vo (x) and 


uo (z) < | h (2, y,uo (y)) ay J (2, vo (W) dy < wo (2) 
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for all c EQ. Assume hE C (v x R”; R”) and 


h (x,y,z) <h(z,y, 2’) (11.8) 
for all z,z! € R” satisfying up (z) < z < 2’ < vo (x£), and all z,y € Q. 


Then the sequence (uk)p>o given by 


us (a) = f hly (w))ay, KEN 


is increasing and converges to a solution u* € C (Q; R”) of (11.7). Also the 
sequence (Vk)p>o defined as 


vers (2) = | hyv dy REN 


is decreasing and converges to a solution v* € C (Q; R”) of (11.7). In 
addition, uo < u* < v* < vo and any solution w € C (QG R”) with ugo < 
w < vo satisfies u* < w < %*. 


Proof. Apply Theorem 11.1 to X = C (Q; R”) endowed with the 
positive cone K (see Example 11.1) and to the operator T : C (Q; R”) > 
C (9; R”) given by 


T (u) (æ) = | h(e,yu(y)) du 


Here K is a normal cone and T is completely continuous. Wm 
For a function u : D — R”, notation u > 0 stands for u(x) > 0 on D, 
i.e., u; (x) > 0 on D for 1=1,2,...,n. 


Theorem 11.5 Assume all the assumptions of Theorem 11.4 are satisfied. 
In addition assume that uo > 0, (11.8) holds for all z,z' € R” satisfying 
0<z <z’ <v (xr) andall z,y €Q, and there is a function ¢: (0,1) > R 
such that ġ (A) > à and 


p (A) h (x,y,z) < h (x,y, Az) (11.9) 


for A€ (0,1), z€ R” with uo (x) < z < vo (x), and all x,y E€ Q. Then 
(11.7) has a unique solution u* in [uo, vo] and 


T" (w) > u* forall w € [uo, vol, 


where (TF (uo)) is increasing and (T* (vo)) is decreasing. 
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Proof. Apply Theorem 11.2. Condition (11.3) holds for 


A= min f 2) : 2 EQ, ie (1,2,.m}f. 


voi (£) 


where uo = (u01, Uo2;---,Uon) and vp = (v01, V02, --., Von). M 

A better result can be established when up and vo are constants. For 
a real number a, we shall also denote by a the vector (a, a, ...,a) E€ R” 
and the corresponding constant vector-valued function. Also the notation 
[a,b] stands for the order interval in R” and in any space of functions with 
values in R”, ordered by the usual positive cone. 


Theorem 11.6 Let a,be€ R,0<a<b and 
a< | h(2,y,0)dy J hævd st 
Q Q 


forall r EQ. Assume hEC (2 x [a, b] R”) and 


h (x,y,z) <h(z,y, 2’) (11.10) 


for all z,z' € R” satisfyinga<z<z'<b and all x,y €Q. In addition 
assume that there is a function @: |a/b,1)— R such that p (A) > A and 


@(A)h(a2,y,z) < h(a, y, Az) (11.11) 


for A€ [a/b,1), z € [a,b] with Az >a and all x,y E Q. Then (11.7) has a 
unique solution u* in [a,b], 


T" (w) > u* forall w € [a,b], 
where (T*(a)) is increasing and (T* (b)) is decreasing. 


Proof. Let u*,v* be the minimal and maximal solutions of (11.7) in 
[a,b] guaranteed by Theorem 11.1. Let 


o n fu(z) oo 
A= min | SU : LER, FE {L2 an}. 


Clearly, A € [a/b,1]. If A= 1, then u* = v* and we are finished. Assume 
A< 1. Define u = (u1, wa, ..., Un) by 


u; (x) = max {a, Av; (x) } = Amax { 5, v% (x) }. 
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Let v = (v1, V2, ..-, Un) be defined by 
vi (2) =max{>, v} (x) }. 


We have a < u; (x) < us (x). Hence u € [a,u*]. Also v € [v*,b]. Using 
the monotonicity of T on [a,b] and (11.11), we obtain 


g(A)v = A)T (*) 
$ (A)T (w) < T (Av) =T (u) 
T (u*) = u*. 


IA IA 


This is in contradiction with the definition of À since @(A) >A. m 


Example 11.3 The equation 
u(x) = | r (æ,y)u(y)® dy, TEQ (11.12) 
Q 


has a unique solution u € C (Q) satisfying a < u(x) < b on Q, where 
0<a< b, if KEC (Ry), aœ € (0,1) and 


ate < / K(z,y)dy<b'%, ren. 
Q 


Here (A) = X*. 


Similar results can be stated for the case when T is decreasing. We 
leave their proofs to the reader. 


Theorem 11.7 Let uo, vo E C (Q; R”) be such that 0 < ug < vo and 
wo (1) < | (e,u,e0()) av, | h (æy, uo (W)) dy < wo (2) 
Q 


for all rEQ. Assume hE C (T x R”; R”) and 
h (x,y,z) < h(z,y, 2z) (11.13) 


for all z,z' € R” satisfying 0 < z < z! < vo(x), and all x,y E Q. 
In addition assume that there is a function x : (0,1) — (0,00) such that 
x (A) < 1/À and 

h (x,y, àz) < x (A) h (z,y, z) (11.14) 


176 Chapter 11 


for X € (0,1), ze R” with uo (zr) < z < u(x), and all x,y E Q. Then 
(11.7) has a unique solution u* in [uo, vo] and 


T" (w) > u* for all w € [uo, vol. 


Moreover, the sequences (T? (uo)), (T?*t! (vo)) are increasing and the 
sequences (T?**1 (ug)) , (T?* (vo)) are decreasing. 


Theorem 11.8 Let a,b€ R, 0<a<b and 
a< | h(cy,)dy, | h(c,ya)dy <b 
Q Q 


for all x EN. Assume hE C (Y x [a, b] R”) and 


h (x,y, 2") < h (x,y,z) (11.15) 


for all z,z' € R” satisfyinga<z<z'<b andallz,y€eQļQ. In addition 
assume that there is a function x : |a/b,1) — (0,00) such that x (A) < 1/A 
and 


h (x,y, àz) < x (A) A (a, y, z) (11.16) 


for \ € [a/b,1), z € [a,b] with Az > a, and x,y E Q. Then (11.7) has a 
unique solution u* in [a,b], 


T" (w) > u* for all w € [a,b], 


the sequences (T? (uo)), (T2k+1 (vo)) are increasing, and the sequences 
(T?F+1 (uo)), (T> (vo)) are decreasing. 


Example 11.4 The equation (11.12) has a unique solution u € C (Q) 
satisfying a < u(x) < b on Q, where 0<a<b, ifKEC (R4), 
a € (—1,0) and 


abo" < J K(z,y)dy<a%, TER. 
Q 


Here xy (A) = 2°. 
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11.4 Minimal and Maximal Solutions of a Delay 
Integral Equation 
In this section we present several existence, uniqueness, and approximation 


results for the initial valued problem and for the periodic problem concerning 
the delay integral equation in R” 


t 
u(t) = f (s,u(s)) ds. (11.17) 
t—T 
1. The Initial Value Problem 
Here we are interested in continuous solutions u of (11.17), with u(t) > 
a on [0,tı], such that 
u(t)=y(t), t€[-7,0]. (11.18) 
We assume that y € C ([-7,0];R”) and 
0 
p0) = Fls,o(s))ds. (11.19) 
The assumptions are as follows: 
(al) f € C ([-7, ti] x [a, 00)"; R®) ; 
(a2) y € C ([-7,0]; R”), satisfies (11.19) and y(t) >a on [-7,0]; 
(a3) there exists a function g € C ([-r, t1]; R”) such that 
f (t,2) 2 g (t) 


for all t € [—7,t1], z € [a,oo)”, and 


for all t € [0, tı]; 
(a4) there exists a continuous nondecreasing function a : (a,œ0) —> 
(0,00) such that 


If (4,2) < ¥ (lal) 


for all t € [0, t1], z € [a,oo)”, and 


% | 
n< Do)” 
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where 


0 
b= | IF (s,e(s))las 


—T 


Let Ro E Rẹ be such that 


Ro 1 
t= J so” (11.20) 


Let X = C ([0, t1]; R”) be endowed with the usual positive cone, let 
K={ueX:ur>a} 
and let T : K — C ([0, t1]; R”) be given by 


T (u) (t) = f (s,u(s)) ds, (11.21) 


where u(t) = y(t) for t € [—7,0], w(t) = u (t) for t € [0, tı]. 


Theorem 11.9 Assume (al)-(a4) are satisfied. In addition assume that 
f(t,z) is increasing in z on |a, Ro]. Then T* (a) —> u* uniformly on 
[0,tı], u* is the minimal solution of (11.17)-(11.18) in K, |u*(t)| < Ro 
on [0,tı], and 

a <T (a) <... < TF (a) <... < u*. 


Proof. In this situation a is a lower solution of the equation u = T (u). 
By Theorem 4.6, (11.17)—(11.18) has at least one solution v € K. In addition 
any solution v satisfies 


lv (t)| < Ro on [0,tı]. 


Consequently, v < Ro. Now we apply Theorem 11.1 by setting wo =a and 
vo = v, where v € K is any solution of the initial value problem. m 

The next result deals with the existence and approximation of the max- 
imal solution in K of (11.17)-(11.18). 


Theorem 11.10 Assume (al)-(a4) are satisfied. In addition assume that 
there is R > Ro such that 


f (t, R) <TTİR, te|-r,ti] (11.22) 
(ie, f (t,o (t)) < TTIR for t € [—1,0] and f (t, R) < TİR for t € [0,t1]), 


and f(t,z) is increasing in z on |a, R]. Then TÒ (R) > v* uniformly on 
[0, t1], v* is the mazimal solution in K of (11.17)-(11.18) , and 


a < v* <... < TEH! (R) < TF (R) < ... <T (R) < R. 
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Proof. By (11.22), we have T (R) < R. Further the proof is analog with 
that of Theorem 11.1. Here we choose as upper solution the constant func- 
tion vg = R and as lower solution uo, any solution in K to our problem. 
| 


Theorem 11.11 Assume the assumptions of Theorem 11.9 are satisfied. 
In addition assume a > 0 and that there is a function ¢: [a/Ro,1) > R 
such that for all A € [a/Ro,1), t € [0,ti] and z € R” with z € [a, Ro] and 
Az >a, one has 


P(A) >A, P(A) F(t, 2) < F(t, Az). (11.23) 
Then (11.17)-(11.18) has a unique solution in K. 


Proof. Let u* be the solution given by Theorem 11.9 and let u € K 
be any solution of (11.17)—(11.18). We will show that u = u*. Let 


A= min { E s : tE [0, tı], i € (2an) h. 
Since a < u* < u < Ro, we have A € [a/Ro, 1]. As in the proof of Theorem 
11.2, we deduce that àA = 1. Hence u = u*. m 
For ọ (à) = A*, a € (0,1), and n = 1, Theorem 11.11 becomes The- 
orem 4 in Precup [47]. Another example of function ¢ satisfying (11.23), 
is 


_ log (1+ aX) 
PO) "og (a) 


for f (t,z) of the form q(t) log (1 + |z|) (see Dads—Ezzinbi—Arino [18}). 


Corollary 11.1 Assume that all the assumptions of Theorems 11.10 and 
11.11 are satisfied. Then (11.17)-(11.18) has a unique solution u* in K, 
and for any w € C((0,t1];R”) with w € [a,R] one has TF (w) > u* 
uniformly on [0, tı]. 


The next result refers to functions f (t,z) which are decreasing in z. 
Theorem 11.12 Assume (al)-(a4) are satisfied. Denote 


R = max {Ro max |T (a) ol} 


t€[0,t1] 
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and assume f (t,z) is decreasing in z forO<a<z< R. Also assume 
that there is a function x : [a/R,1) — (0,00) such that for all A € [a/R,1), 
t € [0, tı] and z € R” with z € |a, R] and Az > a, one has 


XA) < 5p FGA) < x (A) FG). (11.24) 


Then (11.17)-(11.18) has a unique solution u* in K, TF (w) > u* uniformly 
on [0,ti] for every w € [a,R], the sequences (T? (a)), (T?**1(R)) are 
increasing, and the sequences (T***1 (a)) , (T? (R)) are decreasing. 


Proof. Observe that T ([a, R]) c [a,R]. m 
For x (A) = A®%, a € (—1,0), and n = 1, Theorem 11.12 becomes Theorem 


6 in Precup [47]. 


2. Periodic Solutions 
We now present similar results for the periodic solutions of the equation 


(11.17). 
We are interested in periodic continuous solutions u such that 


a<u(t)<R forall teR. 


The hypotheses are those from Section 4.5: 


(h1) f € C (R x [a, 00)"; R%). 
(h2) There is w > 0 such that f (t +w,z)= f (t,z), tE R, z € |a, œ)". 
(h3) There exists an w-periodic function g € C (R; R”) such that 


f (t,z) > g(t) 


for all t € R, z € [a,œ0)”, and 


for all tE R. 
(h4) there is a number b with ayn < b < R, and a function 4 € 
C (|a, R]; R+) with w(t) >0 on [b, R], such that 


If Œ, 2)| < Y (zl) 


for all te R and z € [a,oo)” with |z| < R, 


R i 
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and 
b 
7 


If (t,z)| < (11.26) 


for all t€ R and z € [a,oo)” with b < |z| < R. 


Let X be the Banach space of all continuous w-periodic functions u : 
R — R”, ordered by the usual positive cone, and let 


K ={uce X: u(t) > aon [0,w]}. 


Under assumptions (h1)-(h4), the operator T : [a, R] — K, given by 


T (u) (t) = f (s,u(s)) ds 


t—T 


is well defined and completely continuous. 


Theorem 11.13 Assume (h1)-(h4) are satisfied. In addition assume that 
a>0, f(t,z) is decreasing in z on fa, R], and that there exists a function 
x : [a/R,1) — R satisfying (11.24) for all t € [0,w], A € [a/R,1) and 
z ER” with z€ |a, R] and àz >a. If 

T’ (R) < R, (11.27) 
then (11.17) has a unique w-periodic solution u* € [a, R]. Moreover, 

T" (R) > u* 
uniformly on [0,w], with (T?*+1(R)) increasing and (T?* (R)) decreasing. 

Proof. By Theorem 4.7, there exists at least one w-periodic solution in 

la, R]. Let u € [a, R] be any w-periodic solution of (11.17). Since f (t, z) 
is decreasing in z on fa, R], from a < u < R, we obtain 


a<T(R)<T(u) =u. 


Then 


By (11.27) this yields 


IA 
& 
IA 
E 

e 
^ 
N 


a<T(R)<T°(R 
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We successively obtain 


a < T(R)<T?(BR) (11.28) 
< pose (R) 
< u 
< 7° (R) 


< T (R) <T? (R) < R. 


Since T is completely continuous, there are two subsequences of (T2k+! (R)) 
and (T?*(R)) uniformly convergent to some u* € [a, R] and v* € [a, R], 
respectively. By (11.28) we see that the entire sequences (T?**1(R)) and 
(T 2k (R)) converge uniformly to u*, respectively to v*, and 


a< u* <u <v*< R. 


Obviously 
u* =T (v*), v* =T (u*). 


Finally, use a similar argument as in the proof of Theorem 11.3 to conclude 
that u* = u = v*. m 


Theorem 11.14 Assume the assumptions of Theorem 11.13 hold with 
T (a) < R (11.29) 


instead of (11.27). Then (11.17) has a unique w-periodic solution u* € |a, R] 
and TF (w) — u* uniformly on [0,w], for any w € fa, R]. 


Proof. Notice (11.29) implies (11.27). Indeed, from a < T (R) < T (a), 
we obtain 


T?’ (a) < T? (R) <T (a) < R, 


whence (11.27). Thus, Theorem 11.13 applies. 
Further, for any w € fa, R] we have 


a < T (R) <T (w) <T (a) < R. 


Monotone Iterative Methods 183 


This successively yields 


a < T(R)<T*(R) 
< TAll-1/21+1 (R) 
< T*(w) 
< T(R) <T’ (R) <R. 


Since T* (R) > u*, it follows that T* (w) — u*, as we wished. m 


Remark 11.3 A sufficient condition for (11.29) is that 


f(t,a)<7'R, tER. 


For the next result let us replace (h4) by the following condition used in 
Guo-Lakshmikantham [28]: 


(h4’) f(t,z)<77'R forall t € [0,w], z € [a, R]. 
The next theorems complement the results established in [28]. 


Theorem 11.15 Assume (h1)-(h3) and (h4’) are satisfied. In addition 
assume a>O, f (t,z) is increasing in z on |a, R], and there is a function 
y : [a/R,1) — R satisfying (11.23) for all t € [0,w], A € [a/R,1) and 
z E R” with z€ fa, R] and Az >a. Then (11.17) has a unique w-periodic 
solution u* € [a,R] and T* (w) > u* uniformly on [0,w], for any w € 


la, R]. 


Theorem 11.16 Assume (h1)-(h3) and (h4’) are satisfied. In addition 
assume a> 0, f (t,z) is decreasing in z on |a, R], and there is a function 
x : [a/R,1) — (0,00) satisfying (11.24) for all t € [0,w], A € [a/R,1) 
and z E€ R” with z € [a,R] and Az > a. Then (11.17) has a unique w- 
periodic solution u* € ja, R] and T* (w) — u* uniformly on [0,w], for any 
w € fa, R]. 


The proofs are similar to that of Theorem 11.13, so we omit the details. 
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The monotone iterative method for periodic solutions to equation (11.17), 
for the case when f (t, z) is increasing in z was discussed by Guo — Lakshmi- 
kantham [28]. See also Canada [11], Cañada-Zertiti [12] and Guo- Lakshmi- 
kantham — Liu [29]. 

For x (A) = A®, a € (-1,0), and n = 1, Theorems 11.13 and 11.15 
were established in Precup [46], where several examples can also be found. 


11.5 Methods of Upper and Lower Solutions for 
Equations of Hammerstein Type 


In this section monotone iterative methods are used to localize and approx- 
imate solutions of the abstract Hammerstein equation in R” 


u(x) = ANş (u) (x) ae. on Q. (11.30) 


Here Ny is Nemytskii’s superposition operator associated to a given function 
f:QxR" > R” (QC RY open), and A is a bounded linear operator from 
LI (Q; R”) to LP (Q;R). We seek solutions u in an order interval fuo, vo] 
of LP (Q; R”), where uo is a lower solution of (11.30) and vo is a upper 
solution of (11.30). Of course, we shall assume that Ny maps [uo, vo] into 
[7(Q;R”). The main assumption is the monotonicity of f in its second 
argument. 

The advantage of working in the space L? (Q; R”) (1 < p < oo) ordered 
by the regular cone of positive functions is that we do not need the complete 
continuity of the operator T = AN. 


Theorem 11.17 Let p,q € [1,00), A: L1 (Q; R”) > L (Q; R”) a bounded 
linear operator and f : Q x R” — R” a (p,q)-Carathéodory function. Let 
uo, vo E LP (Q; R”), uo < vo, be such that 


uo < ANş (uo) ; ANş (vo) < Vo. (11.31) 

Assume that 
f (2,2) < f (z,2') (11.32) 
forall z,z' E R” with up (x) < z < z' < v(x), a.e. on Q, and that A is 


increasing, i.e., 
A(v)>0 forall v >Q. (11.33) 


Then there are solutions u*,v* € [uo,vo] to (11.30), minimal, respectively, 
maximal in [uo, vo]. Moreover, the sequences (T* (uo)) , (TF (vo)) converge 
monotonically to u* and v*, respectively. 
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Proof. According to Theorem 5.1 Ny is well defined, bounded, and 
continuous from L?(0;R”) to D9(Q;R”). From (11.32) it follows that 
Ny is increasing on [uo, vo]. This together with (11.33) guarantees that 
T = AN; is increasing on [uo, vo]. In addition T is continuous and 


T ([uo, vol) C [uo, vo] 


by (11.31). The conclusion now follows from Theorem 11.1 since the positive 
cone of LP (Q; R”) is regular. m 


Theorem 11.18 Assume all the assumptions of Theorem 11.17 hold. In 
addition assume that there are constants a,b >0 such that 


a < uo (x) < vo (z) <b (11.34) 


and (11.32) holds for all z,z' E€ R” with O < z < z’ < vo(z), a.e. on Q. 
Also assume that there is a function ọ : [a/b,1) > R with 


$A) >A, OA) f(t, 2) < f (2, Az) (11.35) 


for all A€ [a/b,1) and z E€ R” with up (xz) < z < vo (z), ae. on Q. Then 
(11.30) has a unique solution u* in [uo,vo], and 


T! (w) > u* in L?(Q;R") for all w € [uo, vo]. 


Moreover, the sequences (TF (uo)) and (TF (vo)) converge monotonically 
to u*. 


Proof. Let u*,v* be the minimal and maximal solutions given by The- 
orem 11.17. Clearly u* < v*. We have to prove that u* = v*. Let 


A = sup {p € [0,1] : pož (x) < uf (x) a.e. on Q, i= 1,2,... n}. (11.36) 


From (11.34), 
uj (2) 


oF (@) 


so À € [a/b,1]. Clearly, Av* < u*. If A< 1, then using (11.35) we obtain 


<1 ae. on Q, 


o (A) v* = $ (A)T (v*) < T (M0*) < T (u*) =u". 


Since ¢(A) > A this contradicts the definition of A. Thus A = 1 and so 
u* = v*. E 

A variant of Theorem 11.18 can be stated for the case where T is in- 
creasing on [uo, (b/a) uo] instead of [0, vo]. 
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Theorem 11.19 Assume all the assumptions of Theorem 11.17 hold. In 
addition assume that there are constants a,b > 0 satisfying (11.34) such 
that (11.32) holds for all z,z' € R” with 


b 
uo (£) < z < z’ < > uo (2), 


a.e. on Q. Also assume that there is a function @: |a/b,1) — R satisfying 
(11.35) for all A€ [a/b,1) and z E€ R” with uo (x) < z < (b/a) uo (x) and 
uo (x) < Az, a.e. on Q. Then (11.30) has a unique solution u* in |ug, vo] , 
and 


T" (w) 3 u* in L (Q; R”) for all w € [uo, vo]. 


Moreover, the sequences (T* (uo)) , (TF (vo)) converge monotonically to u*. 


Proof. Let u*,v* be the minimal and maximal solutions given by The- 
orem 11.17. Let A € [a/b,1] be given by (11.36). Let u = (u1, ua, ..., Un) 
and v = (v1, V2, ..., Un) be defined by 


ui (x) = max {ug; (x), Au; (x)} = À max 15% (x), v; œ} 


and 


Hence if A < 1 then 
PAJU = PATO) < PATU) < T (Ww) <T (u) = 0". 


Since $(A) > A this contradicts the definition of A. Thus À = 1 and so 
u* =v". m : 

Similar existence and uniqueness results can be established for decreasing 
operators. For example, we have the following theorem. 


Theorem 11.20 Let p,q E€ [1,00), A: L9(Q;R") > L?(Q;R”) an in- 
creasing bounded linear operator and f :QxR” — R” a (p,q)-Carathéodory 
function. Let up, vo E€ LP (Q; R”) and a,b>0 be such that (11.34) and 


uo < ANş (vo) ; ANş (uo) < Vo (11.37) 
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hold. Assume that 
f (2, 2’) < f (z,2) (11.38) 


for all z,z’ E R” with O0 < z < z’ < v(x), ae. on Q. Also assume that 
there is a function x : |a/b,1) — (0,00) with 


XA) <E, F(A) < xA) S (t2) (11.39) 


forall A€ [a/b,1) and z E€ R” with up (x) < z < vo (x), a.e. on Q. Then 
there exists a unique solution u* € [uo,vo] to (11.30) and 


T* (w) > u* in L? (Q; R”) for all w € fuo, vo]. 
Moreover, the sequences 
(T™* (uo)) (T (uo) | (rs (vo) | (rs (vo) 
converge monotonically to u*. 


Proof. The operator T is continuous and decreasing on fuo, vo]. In 
addition T ([uo,vo]) C [uo,vo], (T2*(uo)) is increasing, (T?F+ (uo)) is 
decreasing, and T?" (uo) < T?**+1 (uo). The positive cone of LP (Q; R”) 
being regular, the two sequences converge to some elements u* and v*, 
respectively. Then 


ugo < u* <u < vo, T(u*) =v", T (v*) = uř. 
To prove u* = v* let A € [a/b,1] be given by (11.36). Then if \ < 1, from 
0 < Av* < u* < vo 
using the monotonicity of T on [0,vo] and (11.39) we deduce 
vt =T (ut) <T(d0*) <x ()T(o") =x)", 
where x (A) < 1/A, a contradiction to the definition of A. Thus À = 1, and 
sou. =v". Wm 
Our next goal is to obtain lower and upper solutions. We succeed this if 


we have more information about f and A, in particular, about the spectrum 
of A. 
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Theorem 11.21 Let p,q E€ [1,o0), A: LI (Q; R”) — L (Q; R”) an in- 
creasing linear operator and f : Q x R” — R” a (p,q)-Carathéodory func- 
tion. Assume that there are cE Ry and g € L9 (Q; R?) such that 


f (x, 2) <cz+ g(a) (11.40) 
fora.e. x EQ and all z > 0. Then any solution vo > 0 of the equation 
(I — cA) (v) = A (g) (11.41) 


if there is one) is an upper solution of the equation u = AN; (u). If in 
( pp q f 
addition 

— f (x, =z) < cz + g (x) (11.42) 


fora.e.x EQ and all z > 0, then up := —vo is a lower solution. 
Proof. Assume vo > 0 solves (11.41). Then, from (11.40) we have 
f (z, vo (z)) < cvo (x) + g (2) 
and since A is increasing, 
ANs (vo) < cA (vo) + A (g) = vo. 


Hence vo is a upper solution. We leave to the reader to check that —vo is 
a lower solution. m 

We conclude this section by two much applicable results involving spec- 
tral properties of A. 

First we establish an abstract Poincaré inequality. 


Lemma 11.1 Let X be a Hilbert space and A : X — X be a positive 
self-adjoint operator. Then 


AWP <|Al(A(u),u), wex. (11.43) 
Proof. Since A is positive, for all u,v € X and t€ R, we have 
(A (u + tv), u + tv) > 0, 


that is 
(A (v), v)? +2(A(u),v)t+ (A (u), u) > 0. 


Consequently 
(A (u), v)? < (A (v) ,v) (A (u) u). 
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For v = A (u) this inequality becomes 
|A(u)|" < (A? (u) A (u)) (A(u),u). (11.44) 
According to Proposition 6.2, 
(4? (u) , A (u)) < JANA (u) P. (11.45) 
Now (11.44) and (11.45) yield (11.43). m 


Our next result is an abstract weak mazimum principle in L? (Q; R”). 
For a function u :Q — R”, we let ut, u~ be the functions defined by 


u (x) = max {0, u; (x)}, u; (x) = max {0, —u; (x£) }, 


i = 1,2,... n. Clearly, u = ut —u-, ut > 0 and u- > 0. Also, for a 
function u one has u > 0, if and only if u` = 0. 


Lemma 11.2 Let A: L? (Q; R”) — L? (Q; R”) be a positive self-adjoint 
operator. Assume the following conditions are satisfied: 


A(u)>0 for u>0; A(u) #0 for u#0 (11.46) 
and 
(A (ut) ,A(u7)), = (A(ut),u7), =0, u €L? (Q; R”). (11.47) 
Then for any constant c < |A|}, 
(I— cA) (u) >0 forall u> 0. (11.48) 
Proof. Let o (A) be the spectrum of A, that is 
o(A)=R\{AER: A—-ALI is bijective} . 


It is known that 
a (A) c [- |4], [Al] 


(see Brezis [7], p 94). Since c < |A|~* the operator I — cA is invertible. 
Let u > 0 and let v = (I — cA) (u). Clearly 


v—cA(v) =u. (11.49) 


190 Chapter 11 


We have to show that v > 0, equivalently v- = 0. Assume the contrary, 
i.e., u. #0. Then (11.46) guarantees that A(v~) > 0 and A(v~) £0. If 
we multiply (11.49) by A(v~), and we use (11.47), we obtain 


= (4 (07) 07 )y Fe(A (07) A 07) = (AW) Ho 
Since both u and A (v7) are positive we have 
(A (v7) Ut) 5 > 0. 


Therefore 
5 (AW) 0p 
|A (v7 )Io 


This together with (11.43) implies c > |A|~" , a contradiction. Thus v~ = 0 
and the proof is complete. m 
For the last two results assume that Q c R is bounded open. 


Theorem 11.22 Let A: L? (Q; R”) — L? (Q; R”) be a positive self-adjoint 
operator such that (11.46) and (11.47) hold. Let f : Qx R”— R” be a map 
satisfying the Carathéodory conditions, such that for each m E (0,00) there 
is a constant am E R with 


f (z,z)+@mz increasing in z on [—m,m] 
for a.e. x E Q. Assume that 
f(z,z) <ez+e, f(z,—z)> —cz-— e (11.50) 


for a.e. x E€ Q, all z € R” with z > 0, and some c E€ R} with c < |A|! 
and č E€ R%. In addition assume that the solution of the equation 


u—cA(u)=A(c) 


belongs to L® (Q; R”). Then the equation u = AN; (u) has at least one 
solution in L? (Q; R”). Moreover, if the set S} (S_) of all solutions u > 0 
(respectively, u < 0) is nonempty, then it has a maximal (respectively, 
minimal) element. 


Proof. Since c < |A|~’, the operator I — cA is bijective and so the 
equation (11.41) has a unique solution vo for each g. Here g = œ. By 
Lemma 11.2, vo > 0. Now, (11.50) guarantees both (11.40), (11.42). Thus, 
by Theorem 11.21, vo is an upper solution and uo = —voọ is a lower solution. 
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Since vo belongs to L (Q; R”), there is m € (0,00) with vg < m. Then 
the function fm given by 


fm (x, 2) = f (@, 2) + amz 


is increasing in z on [—~m,m]. Also the equation u = AN; (u) is equivalent 
to 


u = (I +amA)~' AN; (u). 
Let 
Tm = (I + amA) ANy,,. 
Clearly, 
uo < Tm (uo), Tm (vo) < vo 
and Tm is continuous and increasing on fuo, vo]. Let u*,v* be the minimal, 
respectively maximal solution in [ug, vo]. We have 


—vo < u* < v*ř < vo. 


We now show that if w € L? (Q; R”), w > 0, solves w = AN; (w) then 
w < vo. Indeed, from 


w = AN; (w) < A (cw + d) = cA (w) + A (c') 


and 
vo =cA(u)+A(c), (11.51) 


by subtraction we obtain 
vo — w > cA (vo — w). 


Then by the maximum principle, Lemma 11.2, vọ — w > 0. Hence v* is 
maximal in S4}. Similarly, if w € L? (Q), w <0 and w = AN; (w), then 
—vo < w. Hence u* is minimal in S_. m 

The last theorem is an existence and localization result of a nonnegative 
non-zero solution. 


Theorem 11.23 Let A: L? (Q; R”) — L? (Q; R”) be a completely con- 
tinuous positive self-adjoint operator such that (11.46) and (11.47) hold. 
Let f : R}— R” be a continuous map such that f (0) = 0 and for each 
m € (0,20), there is a constant am € Ri with 


fm (2) := f (z) + amz increasing on [0, m]. 
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Assume that 
f(z) <cz4+e 


for all z € R?, and some c€ Ry with c< |A|}, c € (0,00)”, and 
f (2) > [Alte (11.52) 


for all z e€ R} with |z| < £o, where £o > 0. In addition assume that the 
solutions of the equations 


u—cA(u)=A(c') and u—|A|~' A(u) =0 
belong to L® (Q; R”). Then the equation u = AN; (u) has a mazimal 
solution u in L?(Q;R%) and u £0. 
Proof. As above, the unique solution vo of the equation 
u—cA(u) = A(c) 


belongs to L” (Q; R?) and is an upper solution of the equation u = 
AN;(u). Since f (0) = 0 the null function is a solution, and so a lower 
solution. Now we apply Theorem 11.1 to deduce the existence of a maximal 
fixed point v* in [0, vo] of the operator 


Tm = (I + amA)! ANG, 


where m € (0,00) satisfies up (x) < m a.e. on Q. As in the proof of 
Theorem 11.22 we can show that v* is maximal in the set of all nonnegative 
solutions. To show that v* Æ 0, we prove that v* is the maximal fixed point 
of Tm in an order subinterval 


[uo, vo] C [0, vo] 


with uo Æ 0. 

Since A is completely continuous, the supremum in (6.3) is attained at 
some u with |u|, = 1. Furthermore, since A is positive, we may assume 
that 

|A| = (A (u1) ,u1)2. 
Then, according to (11.47), we have 
JA) = (A(ut —uy),uf—uy), 
(A (uy) ui). + (A (ur) ur) 
(A (ur +uy) ur +u). 
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Hence we may assume that u; > 0 (otherwise, replace uy by uf + uj; 

notice that |uf + uz |, =|uf — uz |» = juil = 1). For any fixed v € 

L? (Q; R”) we consider the function 

(A (u1 + tv) , uy + tv), 
luz + tol 

which can be defined on a neighborhood of t = 0. This function attains its 


maximum |A| at t = 0, so g’ (0) =0. Notice 


g' (0) = 2 [(A (u1) ,v) — |A] (u1, v)2]. 


g(t) = 


? 


Hence 


uy = |A|} A (u1) 


(i.e., |A| is the largest eigenvalue of A and u is an eigenfunction). Also, 
by hypothesis uı belongs to L® (Q; R”). Let 


ug = € juil u1, 
where 0 < € < £ọ. Clearly 
uo>0, uwo£Z0, |uo(xz))<e ae. on Q, u= |A|" A (uo). 
Using (11.52), we deduce 
|A|! A (uo) = A Cis uo) 
AN; (uo). 


uo 


AN 


Thus ug is a lower solution of u = AN; (u). Also, from 
vo =cA(u)+Al(c), w= |A|! A (uo), 
we have 
vo — uo = cA (vo — uo) + (c — |A|") A (uo) + A(c). 
Now we choose £ > 0 small enough so that 
(c- |a=) ug (tz) +e >0 ae. on Q. 


Then 

Vo — uo — cÅ (vo — uo) > 0, 
and by the maximum principle, vg — ug > 0. Next we apply Theorem 11.1 
to deduce the existence of a maximal fixed point in [wo, vo] of Tm. Clearly 
it is equal to v*. m 
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Example 11.5 Let n = 1. The operator 
A= (—A)™* 


has all the properties required by Theorems 11.22-11.23. Moreover, in this 
case u*, u* are, respectively, the minimal and maximal solutions in the set 
of all solutions in L? (Q). Indeed, if w € L? (Q) is any solution and we let 
fw be defined by 


f(x,z) if w(x) >0, 
folz) =d d if w(x) <0, 


then 
-Awt = fy (x,wt) < cwt (x) + c 


a.e. on Q. Hence 
wT < cA (w?) +A (c’) , 


This together with (11.51) implies 
vo — wt > cA (vo — wt). 
Thus wt < vo. Similarly —vo < —w7~. Therefore —vo < w < vo. 


For other applications of the monotone iterative technique to different 
types of equations we refer the reader to Bainov—Hristova [4], Buica [8], 
Carl—Heikkila [13], Constantin [15], De Coster-Habets [19], Fabry—Habets 
[22], Liz—Nieto [35], Pouso [45], Precup [49] and Wang—Cabada-Nieto [61]. 
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Quadratically Convergent 
Methods 


The succesive approximation method as well as the monotone iterative meth- 
ods described previously are not very fast. To explain this let us consider 
an operator T : X — X. All these methods give us convergent sequences 
(uz) of the form 

uk+1ı = T (ug), keEeN 


having as limit a fixed point u* of T. For the results in Chapter 10, we 
have 


d (uk+1,U*) < Md (uk, u*). 


This shows that the convergence is linear. 

In Chapter 11 we have not assumed that T was a contraction. However, 
if T is Lipschitz in a neighborhood of u*, with the Lipschitz constant c, 
then we have 


juk+ı ~ u*| = |T (ux) -=T (uv) 


clu, — u"| 


IA 


for all large k, which shows that the convergence is again linear. 

Faster iterative methods for solving nonlinear equations can be derived 
from the well known Newton’s method. In this short chapter we describe just 
Newton’s method and we explain the way it can be used to solve nonlinear 
integral equations. When Newton’s method is applied to the differential 
equations theirselves, one speaks about the quasilinearization method. This 
method offers iterative sequences of approximate solutions that converge 
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quadratically to the solution. We say that the convergence of the sequence 
(uk) to u* is of order p if 


juk+1 — U"| < clug — u*|? 


for all large k and some c > 0. When p = 2 we say that the convergence is 
quadratic. In case that the nonlinear terms of the operator equations have 
behavior properties of convexity type, the iterative sequences of approximate 
solutions are also monotone. 


12.1 Newton’s Method 


In this section Newton’s method is presented following Deimling [18], Section 
15.4 and Granas—Guenther—Lee [26]. For more information, we send to 
Jankó [31], Kantorovitch—Akilov [32], Moore [36] and Potra—Rheinboldt [44]. 

Let X,Y be Banach spaces, U C X an open set and let F : U — Y be 
continuously Fréchet differentiable. Newton’s method is an iterative method 
for solving 

F(u) = 0. 
It works as follows: choose an initial approximation uo € U to the solu- 
tion and generate a sequence (uk) by solving successively, if possible, the 
equations 
F (uk) + F” (uk) (uk+1 — uk) =0, keN (12.1) 

If (uk) converges to a point u* € U, then by (12.1), F (u*) = 0. 

Notice that if F’(u)~* exists for all u € U, then (up) is the sequence 
of successive approximations for the equation 


u =G (u), 
where 
G (u) = u — F' (u) t F (u). 


Hence 
Uby1 = Up — F' (up) F (up), KEN. (12.2) 


The following theorem contains the convergence criterion for Newton’s method. 
Theorem 12.1 (Kantorovitch) Let X,Y be Banach spaces and F : B, (uo) 


C X —Y a C!-operator. Assume: 


(i) F' (uo)! € L(Y, X), |F’ (uo)! F (uo)| <a and |F' (uo) < B: 
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(ii) |F" (u) — F" (v)| < ylu— v| forall u,v € B, (uo); 
(iii) 2aßy < 1 and 2a <r. 


Then F has a unique zero u* in Boa (uo) and the sequence (up) given 
by (12.1) converges quadratically to u* and satisfies 


luz — u*| < a2t-* (2a3)? , KEN. (12.3) 


Proof. First we prove that F’(u) is invertible for any u € Boo (uo). 
For this, let u € Bao (wo) and define the map T : X — X as 


T = I — F' (w) ™ F’ (u) = F' (uo)~* (F’ (uo) — F’ (u)) . 
Then for every v,w € X we have 
IP (wv) -P(w)| < |E (u| E (uo) -F lw- w 
< By|uo — u| |v - w| < 2apy [v — w|. 
Since 2aGy < 1, T is a contraction. Consequently the map 
I-T =F" (up) F' (u) 
is bijective. As a result 


F' (u) = F' (w) (I-T) 


is bijective too. 
Next we prove that the sequence (ug) given by (12.2) is well defined and 


convergent. 
We shall prove by induction that for each k € N\ {0}, 


luk — uo| < 2a, a,<2-*tla, Yk <= (12.4) 


2 ? 
where 


F' (wna) | 


Yk = YAkbk, Qk = F” (up—1) F (wi-1)| , k= 


Assume (12.4) holds for 1, 2, .... k. We shall prove that (12.4) is also true 
for k+1. We have 


F’ (up) F (ux) 
= F' (up)! [F (ux) — F (ug—1) — F” (uk—1) (uk — uk—1)| 


1 
F' (up) * | [F (uk—1 +t (uk — uk—1)) — F’ (uk—1)] (uk — Uk—1) dt. 
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Then from (ii) we obtain 


1 
æk+1 < Briar | |F" (ug—1 + t (uk — Ux—1)) — F’ (ug_1)| dt (12.5) 
0 


IA 


1 
1 
Yeno | tdt = 5 Penak 
0 
On the other hand, from 
F' (uz) = FY (uaa) [I + FY (una)? (F' (ux) — F' (ue1))] 


we deduce that 


k 
Proi < i . 
— Yk 
Hence 3 
<L 
Qk+1 S 21—% 
Thus > 
1 &kYk l % 
Qk+1 Í 5 > Vee Sa: 12.6 
Since yk < 1/2 we obtain 
1 
Yk+1 Š 5° 


Then 
Qk+1 < ol ay, < Fg. 


In addition 


Juni — uo] < [uki — uk| + [uk — uk-1| +... + [ur — uol 
= Qk+1 + Qk +... + &1 L (2+2 4 41)a 
< 2a. 


Hence (12.4) holds for all k e N\ {0}. Thus (u) is well defined and is a 
Cauchy sequence. Let u* € Bza (uo) be its limit. Clearly F (u*) = 0. Now 
an inequality like (12.5) guarantees 


Jupy1 — u*| < clu, — u*|? 


with c = 27!ysup bk < oo since bk — P Come Hence (uz) converges 
k 


quadratically to a zero of F. If v* € Boa (uo) is another zero of F then 
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from 


we obtain 
1 
ju" —v"| < Bylu*- | | lu" + t (u* — v*) — uoļ| dt 
0 
< 2aBy|u* —v"|. 
Thus v* * Finally we prove (12.3). Let 6, = Yp(1— y)! . Since 


= u 
yk < 1/2, (12.6) implies 6, < f. Hence 6; < jn". Consequently 
Qk < 27182 oy <.. < Q7etl laby TT Q 


Therefore 


OO 
— k 
[uk — Uo| < ` ai < aE (2a py) T. 
i=k+1 


The proof is complete. m 


Example 12.1 Let us present Newton’s method for the abstract Hammer- 
stein equation in R” 


u = AN (u), we P(Q; R”). 


We assume that p,q € [1,0o), p > q and the following conditions are 
satisfied: 


(i) f: Q x R” — R” is differentiable with respect to z and Of;/Oz; is 
(p, pq/ (p — q))-Carathéodory for all i,j € {1,2,... n}. 
(ii) A: L4 (Q; R”) —> LP (Q; R”) is bounded linear. 
Let F : LP (Q; R”) — LP (Q; R”) be defined as 
F (u) = u — AN; (u). 
Then F is a C!-operator and 


F' (u) (h) = h — A [N;, (u) h], 
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for all u,h € DLP (Q; R”), where 
a 
Oz; 1<ij<n 


is the Jacobian matrix of f. 
Now let uo € LP (Q; R”) be an initial approximation of the solution. 
The Newton iterates are determined recursively by solving 


F (ug) + FY (ux) (uk+1 — uk) = 0, 


that is, the linear equation 
uk+1 — A[Ny, (ue) uk+1] = A [Nf (ue) — Na; (ue) ur] - 
Notice F’(u)~* exists if the only solution to the linear equation 
h—A|Nj, (u)h] =0 
is h=0. 


Example 12.2 Here we apply Newton’s method to a differential equation 
itself. In this situation one speaks about the quasilinearization method. 
For the original idea of this method, see Bellman—Kalaba [6]. Consider the 
problem 

u” = f(z,u,u’), x € [0,1] 

u (0) =u(1) =0. 
Assume f : [0,1] x R?” — R” is continuous and continuously differentiable 
with respect to z € R?”. Let CZ ([0, 1]; R”) be the Banach space of all func- 
tions from C? ([0,1];R”) which satisfy the boundary conditions u (0) = 
u(1) = 0. Consider the operator F : C2 ([0,1]; R”) — C ([0,1]; R”), 
defined by 

F(u) =u" — f(u, u’). 
We have that F is a Ct-operator with 

F' (u) (h) =h" — J} (.,u,w’) h— JẸ? (nu, u) h 


for h € CZ ([0,1]; R”). Here 


Of; 

J! (xz,2z,2') = | . n2,2/) , 
Al ) Bz, | ) 1<igcn 
Of; 

Fens) = [pene] 
1<1,j<n 
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The Newton iterates are here determined by solving in CZ ([0,1]; R”) the 
linear equation 


Ups ~ Js (., Uk, Uh) Uk Z Jj (., Uk, Ur) Uk+1 
= f(n uk up) — Js (., Uk, Up) Ug — J; (., Uk, Up) Uk. 


Here again F’(u)~’ exists if the only solution in C2 ([0,1];R”) to the 
linear equation 


h" — Je (.,u,u’') h — Jj (.,u,u/) h =0 


is h = 0. For this, there are known sufficient conditions given in terms of 
f, Jj and J? (see Granas-Guenther-Lee [26]). 


Notice that in applications it is often difficult to find an initial point 
ug and its neighborhood B, (ug) such that all the assumptions of Theorem 
12.1 are satisfied. One could overcome this difficulty by asking a convex- 
ity property on the nonlinear operator in order to obtain the monotonicity 
and the convergence of Newton’s iteratives with respect to a certain order 
structure. We refer the reader to Vandergraft [60] and Schmidt—Schneider 
[57] for Newton’s method in ordered spaces, and to Bellman—Kalaba [6] and 
Muresan-Trif [37] for applications to differential equations. The 1990s have 
brought up to date the subject by combining Newton’s method with the 
method of upper and lower solutions together with the monotone iterative 
technique, and by the new idea of considering more general nonlinearities 
which can be represented as a difference of two convex functions. ‘The re- 
sulting mixture is now known as the generalized quasilinearization method. 
It provides a tool to construct upper and lower sequences that converge 
monotonically and quadratically to a solution of the equation. For several 
applications of this method see Lakshmikantham—Leela—Sivasundaram [34], 
Carl-Lakshmikantham [14], Cabada—Nieto [10] and the references therein. 


12.2 Generalized Quasilinearization for an 
Integral Equation with Delay 


The results presented in this section was adapted from Precup [48]. We 
use the method of quasilinearization generalized in Lakshmikantham—Leela— 
Sivasundaram [34], for the quadratic, monotonic, bilateral approximation of 
a solution to the delay integral equation 


u(t) = f (s,u(s)) ds. (12.7) 


t—T 
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We deal with the initial value problem for (12.7) and look for a continuous 
solution u(t) for —rT < t < tı, when 


u(t)=p(t), -T<t<0. (12.8) 


We assume 0 


e(O)= | f(s, e(s)) as. (12.9) 


Under assumption (12.9), problem (12.7)—(12.8) is equivalent with the initial 
value problem 


‘(t)=f(t,u(t)) -—f(t—rT,u(t—7T)), O<t<t, 
uw (=fbuO)-ft-nH(E~7), O<t<St, yay 
u (0) = (0), 
i ~n f v(t) fr-r<t<0 
where u € C* [0, tı] and uw ={ u(t) for 0<t<t 
We shall discuss a more general problem of type (12.10), namely 


wu (t)=f(t,u(t))+g(t—T,u(t—T)), O<t<ty, 

O) = F(t,u() +I- rE l= T) <t azan 
u (0) = (0). 

Before we state the main result of this section we present two useful 


lemmas. The first one can be proved using Corollary 3.1.2 in Piccinini- 
Stampacchia-Vidossich [41]. 


Lemma 12.1 Let u,v € Ct [a,b] be such that u < v, and let H (t,z) be 
continuous for u(t) <z < v(t) and every t € [a,b]. Assume that 


u' (t) < H(t,u(t)), H(t,v(t)) <v (t) 


on [a,b]. Then for each ag € [u(a),v(a)] there exists a solution a € 
C1 [a,b] of the problem 


l a! (t) = H (t,a(t)), t € [a,b], 
a ( 


a) = ag 
such that uxa<v. 


Proof. For u(t) < v(t) on [a,b] and u(a) < ag < v (a) this result is 
Corollary 3.1.2 in Piccinini-Stampacchia-—Vidossich [41]. In the general case 
use the above particular result on subintervals. We omit the details. m 

The next comparison lemma is owed to Lakshmikantham—Leela-— Sivasun- 
daram [34]. 
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Lemma 12.2 Let u,v € C! [a,b] and F € C({a,b] x R). Assume that 
u<F(t,u), F(t,v)<v, 
F (t, 21) — F(t, 22) < L (z1 — 2) for zı > 22, 
where L € R4. Then u(a) < v(a) implies u(t) < v(t) on [a,b]. 
Proof. Assume that u (a) < v(a). For small £ > 0 let 
2L(t—a) 


T= u — cett- Fovtee 


We have 


In addition 


T = u — Qe Lett- 

F (t, u) — 2e Le*ht-9) 

F (t, Ñ) + Le ett) — 2e Le? ht-9) 
F (t, ù). 


NIA IA 


Similarly 
v > F(t, ù). 


We claim that u(t) < u(t) on [a,b], which proves the result as £ — 0. 
Indeed, if not there exists a to € (a,b| with 


ù (to) = Ù (to), X (to) > Y (to). 
Then we obtain 
F (to, u (to)) > 
> v (to) 
> F(to,v(to)), 


a contradiction. W 
Assume that » € C[—r1,0] and let uo,vo € Ct [0, tı] be such that 


uo (0) = vo (0) = ọ (0) and wo (t) < vo (t) on (0,tı]. Let 
Q= {(t,z2):0<t< tı, uo(t) <z < vo (t)} 


and 
Q=0QuU {t y(t): -r<t<0}. 
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Theorem 12.2 Assume: 
(i) for 0O<t<ty, one has 
uo (t) < f (t, uo (t)) + g (t — T, ùo (t — 7)), 


) S 
vo (t) > f (t, vo (t)) + g (t — T, ù (t — 7)); 
€ 


(ii) fECM), g cì ), the derivatives fz, fez, gz and gzz exist and 
are continuous on N, and satisfy 


fzz 20, g2>0, gee <0 on Q. (12.12) 


Then there exist the sequences (uz) increasing and (vg) decreasing which 
converge uniformly on [0,t1] to the unique solution u € Ct [0, tı] of (12.11) 
satisfying uo < u < vo, and the convergence is quadratic, i.e., there are 
constants a,b E Ri such that 


juz — Ul, Wk — Ul, < a luk- — ul? + blup_1 — ul? (12.13) 
forall k > 1. 


Proof. Notice (12.11) has a unique solution u satisfying up < u < vo; 
this follows by using the step method since f (t,z) is Lipschitz in z on Q. 
In what follows we shall use the convexity of f and concavity of g by 
means of the inequalities 
fiz) > f(t,z)+felt,z) (z-z), (12.14) 
g(t,z) > g (t, 2’ + 
which are true for all (t, z), (t, z’) € Q. Suppose we have already built the 
functions uz, and vz such that 


uo SUR S Vk S VO 


and 
ul (t) < F (t, ur (€) +9 (t—7,% (t—7)), (12.15) 


, 
vh (£) > F (tre) +9 (E — T, Ùr (t — 7)). 


Then we take uzi1 =Q and vg41 = 6, a and £ being the unique solutions 
of the following linear initial value problems with delay 


{Oe Ba .ae— O<t<t1, (12.16) 
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respectively 


[Oz (6800.82), O<t<, (12.17) 


where 


Fk (t, T, y) = f (t, uk (t)) + fz (t, Uk (t)) (x — Uk (t)) (12.18) 
+g (t —T, Uz (t — T)) 
+92 (t — T, Ùk (t — T)) (Y — Ue (t — 7)) 


and 


f (t, vk (t)) + fe (t, uk (t)) (2 — vr (t)) (12.19) 
+g (t — T, Ug (t— T)) 
+92 (t —T, Ue (t—T)) (y — ME (E-7T)), 


Gk (t, T, y) 


where for t € [0,7], by gz (t—7,y(t—7)) we mean g, (0,y(0)). Notice 
for 
up (t) <z <v (t), u(t—T)<y<Ste(t—-7T), 


(12.18), (12.14) and g, decreasing yield 

Fy (t, x,y) < f (t,£) +g (t -7,y), (12.20) 
whilst (12.19), (12.14) and f, increasing imply 

Gr (t,z,y) > f (t,x) + g(t- 7T,y). (12.21) 


From (12.12), (12.14) and (12.15) we easily see that the following inequalities 
hold: 

Up (t) < Fh (t, ue (t) Ue (t= 7)), 

Vy (t) > Fy (t, vk (t) , Uk (t—T)). 
We now successively apply Lemma 12.1 to the intervals [0,7], [7,27], ..., 
[mrT, tı], where mr < tı < (m+ 1)r. Thus we prove the existence of the 
solution œ = ug41 of (12.16) satisfying up < a < vg. Similarly we find a 
solution 8 of (12.17) such that up < 6 < vk. 

Further, by (12.20)—(12.21) one has 


a (t) < f(t,a(t))+9(t—7, a (t—7)), (12.22) 
A(t) = ft,8@))+g9t-7,8(t-7)). 
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Hence (12.15) also holds with k+1 instead of k. In order now to derive the 
inequality a < 6, that is ukķ+1 < Vk+1, we apply Lemma 12.2, successively 
on [0,7], [7,27], ..., [mT, tı], by taking 


F (t,z) = Fo (t,z) + g(t —T,a(t—7)), 

where 

f (t, 2) for z € [ug (t) , vo (t)], 

Fo (t,z) = 4 f(t,uo(t)) for z < ug (t), 

f (t, vo (t)) for z > vo (t). 
Suppose we have already proved that a(t) < 8 (t) for all t < jr. Then, for 
t € [jTr, (j+ 1) T], we know that 

(t-r) <6(t—T) 


0), 


and since g is increasing (recall g, > 
g(t — T, 8 (t —T)) > g(t—7T,a(t—T)). 

Then by (12.22) 

a (t) 

p (t) 
Now Lemma 2 guarantees a(t) < 8 (t) on [j7,(7 +1)7] andso a(t) < £ (t) 
for all t < (j +1)r. This argument applied successively yields a(t) < £ (t) 
on [0, tı]. Hence the sequences (ux), (vk) are well defined. Using standard 
arguments it is easy to conclude that they both converge to the unique 
solution u of problem (12.11). 


Finally, we show that the convergence of the sequences (ux) and (vk) 
to the unique solution u of (12.11) is quadratic. Let 


pk (t) = u (t) — up (t), qr (t) = ve (t) — u (t) . 


Note that pz (0) = qx (0) = 0 and pz (t) > 0, qk (t) > 0 for t € [0, ti]. 
Denote 


IPkloo,j = max{px (t) : t € [0, (j + 1) r] A [0,ti]}, 
Idkloo, = max{qk (t): te [0, (7 +1)rT]A[0,t1]}, 


for 7 = 0, 1, ..., m. We shall prove that for each 7 € {0,1,...,m}, there are 
aj, bj E Ry such that 


2 2 
IPk-+1160,j ? \dk+1 loo; < aj [Prl + bj lark \50,3 ° (12.23) 
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Clearly, for 7 = m (12.23) gives (12.13). Let t € [0,7]. Then using the 
definition of uķ+ı and the mean value theorem, we obtain 


Proi(t) = f(t,u(t))+9(t-7,¢(t—-7)) — [f (t, ur (t)) 

+f (t, up (t)) (uk+1 (t) — ur (t)) + 9 (t -7,9 (t-7))] 

f (t,u(t)) — [f (t, ur (t)) + fe (t, Ue (t)) (uk+1 (t) — ue (t))] 
fz (t, 21) Pr (t) — fe (t, Ue (t)) (Pe (t) — pPk+1 (t)) 

fez (t, 22) pk (t) + fe (t, ur (4) Pr+1 (t) 

Mo Prl o + Mi pp+s (t), 


where uz (t) < z2 < z1 < u(t), |f-| < Mı and |f..| < Mo. It follows that 
for t € [0,7], 


IA IA 


t 
peas (t) < Mat |pel29 + Mi | per (8) ds. 
0 


Now the Gronwall’s inequality implies 


Pri (t) < Mgte™17 Prl o0 , te [0,7]. 
Hence 
IPk+1lo0,0 S More”? Pk lo0,0 
Similarly, 
Meri(t) = f(t, vr (t)) + fe (t, ue (t)) (vets (t) — ve (t)) 


+g(t—7,y(t—7))-[f(t,u(t)) +9(¢-7,¢(-7))] 
= f(t, vp (t))— f(t,u(t)) + fe (t, ue (t)) (vk+1 (t) — ve (¢)) 
= fe (t,21) qr (t) + fe (t, ux (t)) (ak+1 (t) — a (t)) 
< fez (t, 22) (Ur (t) — ux (t)) ar (t) + fz (t, ur (t)) ak+1 (t) 
< d(qr (t) + pr (t)) ar (t) + cak+1 (t) , 


where u(t) < z1 < vg (t) and up (t) < z2 < z1. Hence 


3 1 
dey (t) < Miar: (t) + 3 Moak (t) + 5 Mops (t) 


IA 


3 2 l 2 
Miqk+1 (t) + z M2 Dk: loo.0 + z M2 IPk|o0,0 . 
Using Gronwall’s inequality again, we obtain 


3 1 
qk-+1 (t) < 5 More” Idr lbo,0 + 5 Mote prli t € [0,7]. 


00,0? 
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Thus 
\d+-1100,0 S $ More™ı7 ldkloo0 + = = MareMr Pkelao, 
Therefore (12.23) holds vor j = 0, with ap = Mote™:7, bo = = anpren, 


Next, assume (12.23) holds for j. We shall prove (12.23) for j + 1. Let 
te [7,(j +1)7T]. We have 


Pky t) = f(t,u(t))+g(t—7,u(t—7)) —[f (t, us (t)) 
+f (t, Ue (t)) (uk+1 (t) — ux (t)) +g (t — 7, Un (E-7)) 
+gz (t — T, vk (t — T)) (uk+1 (t — T) — Ue (t — 7))] 
= fz (t, 21) Pr (t) + gz (t — T, 22) pe (t — 7) 
+ fz (t, Uk (t)) (pr+1 (t) — pr (t)) 
+gz (t — T, Uk E D) (Pens (t —T) — pk (t —7)) 
[fe (t, u (t)) — fe (t, ux (t))] pr (t) 
— [gz (t — 7, vk (t — T)) — gz (t — T, Ue (t — T))] De (t — 7) 
+ fz (t, Uk (t)) Peta (t) + 9z (t — T, Ue (t — T)) Pegi (t — 7) 
= fzz(t, 23) Di (t) — gzz (t — T, 24) [uk (t — T) — uk (t — T)| 
XPr (t — 7) + fz (t, uk (t)) Pets (t) 
+gz (t — T, vk (t —T)) Pegi t- 7), 


IA 


where ug (t) < 21, 23 < u(t), uk (t— T) < z2 <u(t—T). Also, 


-gzz (t — T, 24) [vk (t — T) — Ur (t — T)] De (t — 7) 
Na [gx (t — T) + pr (t — T)] pk (t — 7) 
1 


< 
< i: sok (t—7) + zR) 
< EN, 3 Pk lo0,3 + arlo . 


Thus, 
Pki (t) < Miprk+ (t) + M2 IPrléo j4 
+N1 |Prk+1 loo; + ZN? 3 Pkloo,3 + lates , 
where |gz| < Ni, |gzz| < Neo. Since 


2 2 
IPk+11o0,5 < a |Pkloo,5 + b dk lo0,5 > 
IPkloog < IPrloj41> 
< 


Dk: boo, Ik looj41 > 
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we obtain 


2 2 
Peat (t) < Mippyi (t) +o Plo, +8 1k 00,541 


Hence for t € |7,t;] we have 


Pr+1 (t) 


IA 


IA 


< 


Pr+i (T) | 
t 
+ la Pleo s+ + teleost (t1 —T) + m | Pk+1 (s) ds 
T 
2 ba lanl? 2 2 i 
ao |Pk|50,0 + bo [dk l50,0 + JO Pelco j41 +L laklo j+1| (t1 — 7) 


t 
+m | Pk+1 (s) ds 


t 
2 2 
Y Pk loo,j-+1 + 6 Qk loo, 5-41 + Mı J Pk+1 (s) ds. 
T 


Gronwall’s inequality now yields the desired result 


2 2 
IPk+1100,5-41 < 4541 Pk loo, +1 + 541 dk loo p41 


for some constants a;41, bj+1 E R4. Similarly, 


dest (É) 


where u(t) < 21 < up (t), u(t— T) < 22 < vk (t— T) and ug (t) < 23 


This yields 


As above, 


—_— 


IA 


IA 


f (t, up (¢)) 

+f (t, ux (t)) (vers (t) — ve (t)) + g (t — T, vk (t — 7)) 
+gz (t — T, Uk (t — T)) (Vegi (t — T) — Ue (t — 7)) 

—f (t,u(t)) — g(t- T,u(t—7)) 

fe (t, 21) qk (t) + gz (t — T, z2) qk (t — 7) 

+ fz (t, Ue (t)) (ak+1 (t) — ae (t)) 

+gz (t — T, vk (t — T)) (Qe41 (t — 7) — qk (t — 7)) 

fez (t, 23) (Vr (t) — ur (t)) ax (t) — Gee (t — T, z4) dk (t — 7) 
+ fz (t, uk (t)) M41 (t) + Gz (t — T, vk (t — T)) Geos (t — 
fez (t, 23) (qr (t) — pr (t)) dr (t) — Gaz (t — T, 24) q% (t — 
+ fe (t, ur (t)) G41 h ) + gz (t — T, vp (t — T)) Mega (t — 


T) 
T) 
T), 
<z 


2 
deg (t) < Miar (t) + a [Paleo gaa + P ldrlooj+1 - 


2 2 
lar+1looj41 £ 941 |Pkloo p41 + bjt [100,541 > 
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eventually, with some new constants a;41, bj41 E€ R+. Thus (12.23) also 
holds for j +1. Therefore (12.23) is true for all 7 € {0, 1, ..., m}. m 


Corollary 12.1 Assume y € C [—7,0], uo, vo E C* [0, t1], uo (0) = vo (0) = 
y (0), uo < vo on (0, t1], f E C(Q), and 


Up (t) < f (t uo (t)) — f (t — 7T, ŭo (t-7)), 
vo (t) > f(t, vo(t)) — f (t — T, (t—7)). 


If the derivatives f, and fz, exist, are continuous on Q, and 
fz <0, fez 20 on Q, 


then there exist the sequences (uz) increasing and (vz) decreasing which 
converge uniformly and quadratically on [0,tı] to the unique solution u of 
(12.10) satisfying up < u < vo. 


An interesting problem is to obtain nonsmooth variants of the quasilin- 
earization methods in terms of divided differences instead of derivatives. A 
partial result on this point can be found in Balázs-Muntean [5] and Goldner- 
Trimbitas [24]. An extension of the generalized quasilinearization method 
in order to obtain convergence of order p > 2 is due to Deo—McGloin Knoll 
[21]. Another interesting problem is to express the conditions of such type 
of results, in terms of convex or quasiconvex functions of superior order 
(see Popoviciu [43], Popoviciu [42] and Cristescu [16]). A general theory in 
ordered Banach spaces of both monotone iterative technique and general- 
ized quasilinearization method with applications to semilinear problems is 
developed in the forthcoming paper by Buica—Precup [9]. 
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